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Abstract
We use a geometric approach to construct a flux formulation for the SL(5) U-duality manifest
exceptional field theory. The resulting formalism is well-suited for studying gauged supergravities
with geometric and non-geometric fluxes. Here we describe all such fluxes for both M-theory and
IIB supergravity including the Ramond-Ramond fields for compactifications to seven dimensions.
We define the locally non-geometric “R-flux” and globally non-geometric “Q-flux” for M-theory
and find a new locally non-geometric R-flux for the IIB theory. We show how these non-geometric
fluxes can be understood geometrically and give some examples of how they can be generated
by acting with dualities on solutions with geometric or field-strength flux.
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1 Introduction
Flux compactifications of 10- and 11-dimensional supergravity are of huge phenomenological
importance. They provide a mechanism for moduli stabilisation, and one may also hope to
use them to realise deSitter and inflationary vacua [1]. They can also yield backgrounds with
interesting holographic duals.
There are numerous no-go theorems that make a simple flux compactification for stable
deSitter and inflation impossible [2–4]. A possible remedy for this situation without the need for
elaborate brane set-ups may be provided by non-geometric backgrounds [5–10].
In such a background the internal space of the compactification is patched by the T- or more
generally U-duality symmetries of string theory. Although non-geometric backgrounds may look
non-periodic and non-smooth from a spacetime perspective, they are well-defined backgrounds for
the string, i.e. the string worldsheet on these backgrounds is a CFT. Furthermore, many non-
geometric backgrounds can be obtained by duality transformations of geometric backgrounds
[11]. Beyond their potential phenomenological significance, non-geometric backgrounds are also
interesting in their own right as they make explicit use of the stringy duality symmetries. This
allows them to probe stringy regimes beyond supergravity.
Exceptional field theory exhibits the string dualities as manifest symmetries and hence is a
natural language to describe non-geometric backgrounds. In this approach, extra coordinates are
introduced which are thought of as conjugate to the wrapping modes of branes. U-duality then
acts geometrically on the extended space given by the usual coordinates together with these new
winding coordinates. Although we have extra coordinates, any physical field is constrained by
the “section condition” to depend only on a subset of coordinates.
Attempts to make dualities manifest in such a manner first appeared nearly 25 years ago
[12–16], and have intensified following the incorporation of the ideas of generalised geometry
[17,18], leading to a great deal of recent work realising T-duality and U-duality in a generalised
or extended geometry [19–24].
Non-geometric fluxes have been studied extensively for the NS-NS sector of 10-dimensional
supergravity [11, 25–33]. There one finds two non-geometric fluxes. Firstly, there is a globally
non-geometric “Q-flux” which arises when the background can be locally described by some
metric and antisymmetric Kalb-Ramond form which are however globally ill-defined. The met-
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ric and Kalb-Ramond form are globally well-defined, however, upon patching by a T-duality
transformation. There is also a locally non-geometric “R-flux” which cannot be described, even
locally, using a metric and Kalb-Ramond form. These backgrounds have a natural description
through double field theory where T-duality is promoted to a manifest symmetry. Furthermore,
non-geometric branes, also known as “exotic branes” [34, 35], show signs of non-commutativity
and even non-associativity [36–45]. However, it is not clear how these results may generalise to
M-theory, or are modified in the presence of R-R fields.
The first aim of this paper is to provide a generalised geometric structure which naturally
gives the Lagrangian of exceptional field theory. This will be based on a generalised torsion
tensor of a flat connection from which one can uniquely produce the correct Lagrangian. This
formalism turns out to be exceptionally useful for studying geometric and non-geometric fluxes.
The second aim of this paper is to use the “flux formulation” just constructed to describe
the non-geometric fluxes of M-theory and IIB supergravity. We give definitions for globally and
locally non-geometric fluxes for M-theory by identifying the spacetime tensors that appear in
the embedding tensor of the lower-dimensional gauged supergravity. Intriguingly, the locally
non-geometric “R-flux” in M-theory is not fully antisymmetric, in contrast to the NS-NS “R-
flux”. In the IIB theory, the Ramond-Ramond non-geometric sector has already been studied
in [46]. Here we extend that work in two ways. Firstly, we describe the locally non-geometric
fluxes and find a new kind of “R-flux” which mixes the NS-NS and R-R sectors. Furthermore, we
describe how the non-geometric fluxes can be understood geometrically, i.e. in terms of spacetime
tensors, for both M-theory and IIB supergravity, generalising such work for the NS-NS sector as
in [26–31,33].
We will focus here on the exceptional field theory with manifest SL(5) duality, relevant for
the scalar sector of compactifications to seven dimensions. This theory was originally introduced
in [22] and further studied in [47–49]. We note that for our purposes it is sufficient to focus solely
on the scalar sector although it is also possible to treat the full 11-dimensional theory without
making a truncation as for example in [50], and to include fermions, as has been carried out for
E7 [51].
This restriction to the SL(5) theory allows us to explore fully the consequences of the extended
theory in a simpler setting than the higher U-duality groups (in particular, one does not yet
need to worry about dualisations of the M-theory three-form). We note that in string theory
the prototypical toy model of a situation leading to non-geometric flux is a three-torus carrying
H-flux [25]. The analogous M-theory situation would involve flux of the field strength of the
three-form through a four-torus. This picks out D = 4 as the lowest dimension in which one can
study the M-theory versions of non-geometric fluxes: the duality group acting on four dimensions
is of course SL(5).
Although originally formulated for 11-dimensional supergravity, the SL(5) exceptional field
theory also contains a reduction to (a truncation of) type IIB supergravity [49] (see [52] for a
discussion for other duality groups). This is achieved by virtue of the fact that the fundamental
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field in the extended theory is the generalised metric: this can be parametrised in terms of
physical fields in different ways. This will be an extremely important and useful fact for us when
we want to find expressions for all possible non-geometric fluxes, for which one has to introduce
alternative fields either instead of or alongside the usual parametrisations, similar to what has
been done in string theory, for example in [53] and [26].
The geometry of extended field theories has been the subject of previous work [54–56] (and
see also [57, 58] for the case of exceptional generalised geometry, where the base manifold is not
extended but the tangent bundle is). An interesting feature, reminiscent of issues in double field
theory [59–62], is that there are obstructions to using the usual notions of Riemann and Ricci
curvatures. Indeed, it has proven impossible to provide a definition for a generalised Riemann
tensor for the exceptional extended geometry. One can still define a generalised Ricci tensor,
leading to a Ricci scalar which can be used as the action. It is also possible to construct metric
compatible connections which reproduce the known actions via the generalised curvature scalar:
however, these connections seem unavoidably to contain undetermined components or else behave
covariantly only under certain projections.
This situation is entirely analogous to the doubled case. There, one proposed alternative [62]
was to turn aside from attempting to build the action from generalised curvature, and instead
to use a formalism in which a physically determined connection with non-vanishing generalised
torsion, and vanishing generalised curvature, led to the action.
The outline of our paper is then as follows. After reviewing the SL(5) theory in section 2, we
will show in section 3 how the torsionful geometric framework extends to the SL(5) exceptional
field theory. Choosing as our covariant derivative the Weitzenbo¨ck connection, we can uniquely fix
the action in terms of the generalised torsion by demanding invariance under the local generalised
Lorentz symmetry of the theory.
We then study the geometrical content encoded by this connection, for the M-theory and
IIB cases. The generalised torsion of the Weitzenbo¨ck connection may be viewed as containing
information about fluxes [63, 64]. By using the extended formalism, we are able to obtain all
geometric and non-geometric fluxes: in order to do so we include dual fields and allow for
the possibility of non-trivial derivatives in winding directions. The precise framework in which
this should be possible in extended field theories is that of a Scherk-Schwarz compactification
[54, 63, 65–71], leading to gauged supergravity. In fact, the generalised torsion of our formalism
corresponds directly to the embedding tensor of gauged supergravity.
We give this analysis and definition of all fluxes for M-theory in section 4. We then highlight
some simple examples of duality chains involving geometric and non-geometric fluxes in section
5. This procedure is repeated in section 6, where we define the IIB fluxes, and section 7, where
we present some example duality chains in type IIB theory.
The reader solely interested in the definitions of the fluxes, and their unification into a U-
duality tensor in the exceptional field theory, is invited to study sections 3.1 to 3.3 for the
generalised geometrical definitions, and then sections 4 and 6 for the M-theory and IIB fluxes
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respectively.
We note that the paper [54] considers dynamical fluxes for the E7 theory. However these
are still packaged into a description in terms of a torsion-free connection with curvature and
undetermined components, which drop out of the final action. For an interesting recent use of
the Weitzenbo¨ck connection in the context of generalised diffeomorphisms, see [72].
Index conventions
Indices in the 10 of SL(5) are referred to as “big” indices, and denoted using capital Roman
letters, A,B,C. Flat indices (transforming under the generalised Lorentz group) here will be
denoted with a bar over them, A¯, B¯, C¯.
Indices in the 5 of SL(5) are referred to as “little” indices, and denoted using lower-case
Roman letters from the start of the alphabet, a, b, c. The corresponding flat indices will be taken
to be Greek, α, β, γ.
Indices in the M-theory decomposition are four-dimensional spacetime indices, i, j, k, and
four-dimensional flat indices, µ, ν, ρ.
In the IIB decomposition we have three-dimensional spacetime indices, µ, ν, ρ, as well as
fundamental SL(2) indices, i, j, k. The corresponding flat indices will be denoted using bars.
2 Review of the SL(5) theory
We adopt here a top down approach to describing the SL(5) theory. From the 11-dimensional
supergravity point of view, we describe solely what would be the scalar degrees of freedom
appearing in a compactification to seven dimensions. This is a simplifying truncation which
enables us to explore the essential consequences of the extended spacetime in a relatively clean
set-up.
2.1 Generalised diffeomorphisms
The SL(5) theory is defined on a 10-dimensional extended space [22]. The coordinates xA lie
in the antisymmetric 10-dimensional representation of SL(5) [47]. We write the 10-dimensional
index A as an antisymmetric pair of indices in the fundamental 5-dimensional representation of
SL(5), A ≡ [aa′], a, a′ = 1, . . . , 5.
The fundamental symmetry of the theory consists of generalised diffeomorphisms [47]. These
are generated by a generalised vector UA also in the 10 of SL(5). The general form of generalised
diffeomorphisms is [73]
δUV
A = UB∂BV
A − V B∂BU
A + Y ABCDV
C∂BU
D , (2.1)
where the Y -tensor is formed out of group invariants: in particular for SL(5) we have Y ABCD =
ǫeaa
′bb′ǫecc′dd′ , where ǫabcde is the totally antisymmetric invariant of SL(5).
5
We can also give the explicit form of a generalised diffeomorphism acting on a fundamental
SL(5) vector and covector as
δUV
a =
1
2
Uef∂efV
a +
1
4
V a∂efU
ef − V e∂efU
af , (2.2)
δUVa =
1
2
Uef∂efVa −
1
4
Va∂efU
ef + Ve∂afU
ef . (2.3)
This defines a generalised Lie derivative, δUV
c ≡ LUV
c, if we also take a scalar ϕ to transform
in the obvious manner, δUϕ =
1
2U
ef∂efϕ.
The algebra of generalised Lie derivatives does not close unless one imposes the section
condition [47]:
∂[ab ⊗ ∂cd] = 0 , (2.4)
where the pair of derivatives may act on any object or any pair of objects in the theory. Solving
the section condition amounts to choosing a lower-dimensional subspace of the 10-dimensional
extended space such that all quantities in the theory depend only on the coordinates of the
subspace, and so that (2.4) then holds. This choice of section thus amounts to picking out the
“physical” space.
The section condition is crucial in making statements about tensorial properties. For instance,
consider the derivative of a scalar ϕ. In ordinary geometry, this is automatically a tensor. Here,
however, one finds that
δU∂abϕ = LU∂abϕ+ 3∂[abϕ∂ef ]U
ef . (2.5)
The final terms vanish by the section condition.
2.2 The action
The bosonic fields of the theory live in a coset R+× SL(5)/SO(5)1., and in principle depend on
the full ten-dimensional extended coordinates xab. They may be packaged into a “generalised
metric”MAB [13,20] which parametrises the given coset and serves as the metric on the extended
spacetime [22]. As a consequence of the coset condition this generalised metric MAB can be
decomposed in terms of a “little metric” mab [47], with
MAB ≡Maa′,bb′ = mabma′b′ −mab′ma′b , (2.6)
where mab is symmetric, and is a rank two tensor under SL(5) U-dualities.
Note that although we will refer to mab as the little metric it itself is not a metric on some
space. However, it provides the most convenient way of constructing the theory, containing
exactly the right number of degrees of freedom to parametrise the coset R+× SL(5)/SO(5). We
1The extra R+ factor is a consequence of our truncation, and leads to an extra scalar degree of freedom related
to the warping of the ignored external seven directions, see for example [49, 57]
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should also mention that one can only decompose the full generalised metric in this way in the
SL(5) theory, and not for the higher exceptional groups.
The action for the truncated theory is completely fixed by searching for an expression
quadratic in derivatives of the little metric which is a scalar under generalised diffeomorphisms
up to section condition. It is given by [22, 56]
S =
∫
Σ
|m|−1
(
−
1
8
mabma
′b′∂aa′m
cd∂bb′mcd +
1
2
mabma
′b′∂aa′m
cd∂cb′mbd
+
1
2
∂aa′m
ab∂bb′m
a′b′ +
3
8
mabma
′b′∂aa′ ln |m| ∂bb′ ln |m| − 2m
a′b′∂aa′m
ab∂bb′ ln |m|
+ma
′b′∂aa′∂bb′m
ab −mabma
′b′∂aa′∂bb′ ln |m|
)
,
(2.7)
where Σ is some lower-dimensional section of the full ten-dimensional theory, and we have used
the determinant of the little metric, m ≡ detmab, to define an SL(5) singlet integral measure,
|m|−1.
2.3 Section choices
Let us briefly discuss the two inequivalent sections, corresponding to (truncations of) 11-dimensional
and 10-dimensional type IIB supergravity. We shall give explicit expressions for the decomposi-
tion later, when we evaluate the generalised fluxes.
M-theory section
The conventional solution to the section condition is the M-theory section [22], where we
split the 5-dimensional index a = i, 5 where i becomes a 4-dimensional spacetime index. One
then takes all fields to depend only on the four coordinates xi ≡ xi5, and to have no dependence
on the xij . After choosing an appropriate parametrisation of the generalised metric in terms
of a metric gij , three-form gauge field Cijk and additional scalar φ one find that the action
(2.7) reduces to a truncation of 11-dimensional supergravity to four dimensions [22, 56]. (This
truncated theory essentially corresponds to the internal (scalar) sector of 11-dimensional SUGRA
reduced to seven dimensions, note however that in this truncation we keep the 4-dimensional
coordinate dependence. Similar remarks apply in the IIB case below.)
A type IIA section may be trivially obtained from this choice by supposing that we are also
independent of one of the four coordinates xi, in the usual way.
IIB section
An alternative section [49] is given by making a 3+2 split of the 5-dimensional index, a = µ, i
where now µ becomes a 3-dimensional spacetime index and i = 1, 2 becomes a fundamental SL(2)
index corresponding to the S-duality symmetry of type IIB.2 Our fields are taken to only de-
pend on the three coordinates xµν , and are independent of the other coordinates xµi, xij . The
2Similar inequivalent IIB sections were also discussed in [52] for the groups E6, E7 and E8.
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spacetime coordinates xµν may be dualised to carry a single lower index, x˜µ ≡
1
2ηµνρx
νρ, so
that vectors in this parametrisation are written with lower indices. One may then parametrise
the generalised metric by introducing a metric gµν , a pair of two-forms Cµνi, a unit determinant
two-by-two matrix of scalarsMij , which incorporates the Ramond-Ramond zero form and string
dilaton, and again an additional scalar φ. Evaluating the action in this section and parametri-
sation, one obtains a truncation of type IIB supergravity to three dimensions [49].
Although the parametrisations we have described here for the IIB and M-theory cases give
the usual field content and description of these theories, other choices, involving so-called dual
fields, are possible. These will be important later on.
3 Connections, torsion and the action
In this section, we shall introduce geometric structure on the SL(5) theory, in the form of con-
nections. The goal is to seek some geometric origin of the action (2.7). This problem has
been considered before by other authors, both in the context of SL(5) and for other duality
groups [54–56]. We wish to provide an alternative approach, which evades some of the issues
that arise when considering metric-compatible connections with curvature, and which is suited
for describing fluxes.
3.1 Connections
We introduce a covariant derivative in the SL(5) theory in the usual way, by seeking a connection
ΓBC
A which, given the form of generalised diffeomorphisms, must transform as
δUΓBC
A = LUΓBC
A + ∂B∂CU
A − Y ADCE∂D∂BU
E . (3.1)
Here we have introduced a connection carrying solely “big” indices. For practical applications,
it is convenient to introduce instead a connection which acts not on the antisymmetric represen-
tation but on the fundamental. This “little” connection is defined via 3
∇abV
c ≡ ∂abV
c + Γabd
cV d , (3.2)
3 For the sake of completeness, note that if a generalised vector V a also carries weight ω, so that
δUV
a = LUV
a +
1
2
ω∂efU
efV a
then its covariant derivative should be defined as
∇abV
c = ∂abV
c + Γabd
cV d + ω(Γeab
e − Γeba
e)V c ,
from which follows that if V ab has weight one that ∇abV
ab = ∂abV
ab.
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and its transformation must be
δUΓabd
c = LUΓabd
c − δcd
1
4
∂ab∂efU
ef + ∂ab∂deU
ce , (3.3)
up to terms that vanish by the section condition.
Given such a little connection there is an associated big connection, defined by
ΓBC
A ≡ Γbb′cc′
aa′ = 4Γbb′[c
[aδ
a′]
c′] . (3.4)
Now, in ordinary general relativity one can easily find a special connection which leads natu-
rally to the action. This is the Levi-Civita connection, which is the unique torsion-free metric-
compatible connection. In extended theories in general, matters are not quite so simple.
Ideally, we would like to find a connection which
• provides a true covariant derivative, mapping tensors to tensors,
• annihilates the generalised metric, ∇abmcd = 0,
• also annihilates the SL(5) invariant ǫabcde,
• is completely determined in terms of the physical fields,
• by analogy with general relativity, has vanishing generalised torsion (to be defined in the
next subsection),
• has a natural curvature scalar that leads to the action (2.7).
Unfortunately, it proves difficult to meet all these requirements. One issue that arises is simply
how to generalise curvature. The normal definition of the Riemann tensor does not provide a
generalised tensor. Interestingly, despite several attempts, it has proven impossible to construct
a definition for a generalised Riemann tensor which is a true generalised tensor [54–56]. One can
still produce a two index tensor which is a generalised Ricci tensor: contracting this tensor with
the generalised metric yields a generalised Ricci scalar which can be used as a Lagrangian.
However, when one now looks for explicit connections one is forced to sacrifice one of the
above requirements. This is very similar to the case of double field theory. One can find a
covariant derivative which transforms correctly, but which contains undetermined components,
not expressible in terms of the physical fields, as in [54, 55]. Alternatively, one can produce a
derivative which has no undetermined components, but which only transforms covariantly in
certain circumstances (and is said to be semi-covariant) [56].
We stress that these apparent issues do not in fact cause any difficulty in obtaining the
correct action. One finds that the undetermined components, or equivalently those that do not
transform covariantly, in fact drop out when one constructs the generalised Ricci scalar in these
approaches.
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Our goal in this section of the paper is to present an alternative framework, in which one does
not use notions of curvature but instead considers a torsionful flat connection. This is provided
by the Weitzenbo¨ck connection.
3.2 The generalised torsion
First, let us show what we mean by generalised torsion. The generalised torsion of a connection is
defined by replacing partial derivatives with covariant derivatives in the generalised Lie derivative:
LU (∇)V
A − LU (∂)V
A = τBC
AUBV C , (3.5)
giving
τBC
A = ΓBC
A − ΓCB
A + Y ADCEΓDB
E . (3.6)
Alternatively we may defined a generalised torsion in terms of fundamental quantities and a little
connection:
LU (∇)V
a − LU (∂)V
a =
1
2
τbcd
aU bcV d , (3.7)
giving
τbcd
a = 3Γ[bcd]
a − Γe[bc]
eδad − 2Γed[b
eδac] . (3.8)
For big and little connections related by (3.4), the resulting big and little torsions are related in
the same way
τbb′cc′
aa′ = 4τbb′[c
[aδ
a′]
c′] . (3.9)
We may therefore choose to use either as the basis for our construction. It is more convenient
to work with the little torsion.
Before proceeding, it will be useful to classify the transformation properties of the torsion
under global SL(5). A tensor τbcd
a with τbcd
a = −τcbd
a lives in the tensor product representation
5⊗ 5⊗ 10 = 10⊕ 10⊕ 15⊕ 40⊕ 175. The explicit realisation of the tensor decomposition into
irreducibles is:
τbcd
a = T˜[bcd]
a +
2
3
(
T˜b(cd)
a − T˜c(bd)
a
)
+
1
9
δadAbc +
5
9
δa[bAc]d +
1
2
δa[bSc]d
+
1
3
δadτbce
e +
2
3
δa[bτc]de
e ,
(3.10)
where
T˜bcd
a = Tbcd
a −
1
2
δa[bSc]d −
1
9
δadAbc −
5
9
δa[bAc]d , T˜abc
a = 0 = T˜bca
a , (3.11)
with
Tbcd
a = τbcd
a −
1
3
δadτbce
e −
2
3
δa[bτc]de
e , Tbca
a = 0 , (3.12)
and
Scd = Te(cd)
e , Acd = Te[cd]
e . (3.13)
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The trace τbce
e lives in the 10, T˜[bcd]
a in the 40, the symmetric Scd in the 15, the antisymmetric
Acd in the other 10 and the mixed symmetry T˜b(cd)
a in the 175.
For the torsion (3.8) one finds that Acd = 0 and T˜b(cd)
a = 0, as well as
Sab = 2 (Γeab
e + Γeba
e) , (3.14)
τabe
e = Γabe
e −
1
2
Γeab
e +
1
2
Γeba
e , (3.15)
T˜bcd
a = T˜[bcd]
a = 3Γ[bcd]
a − δa[bΓcd]e
e − 2δa[bΓ|e|cd]
e . (3.16)
Hence it contains just the irreducibles 10, 15 and 40. Note that the latter two irreps are those
of the embedding tensor of gauged maximal supergravity in 7-dimensions (where the duality
group is of course SL(5)) [74]. The remaining 10 can be thought of as a trombone gauging. For
convenience we relabel it as τab ≡ τabe
e.
3.3 The Weitzenbo¨ck connection
First, we introduce a generalised vielbein for the little metric. Recall that this object parametrised
the coset R+ × SL(5)/SO(5)4. The group SO(5) acts by local internal rotations, and may be
thought of as the generalised Lorentz group of the extended theory. We define a flat metric mαβ,
which we can take to be the identity, and introduce a generalised vielbein Eαa such that
mab = E
α
aE
β
bmαβ . (3.17)
The flat index α then transforms under local SO(5) transformations. Note that we will use mαβ
to lower and raise flat indices.
This introduction of a “little” generalised vielbein is compatible with the existence of the big
generalised metric. If we denote the big flat indices with bars, then the associated big generalised
vielbein would be given by
EA¯A ≡ E
αα′
aa′ = E
α
aE
α′
a′ − E
α′
aE
α
a′ , (3.18)
with the flat big generalised metric given by the expected formula,MA¯B¯ ≡ mαβmα′β′−mαβ′mβα′ .
We may then define the generalised Weitzenbo¨ck connection with little indices:
Ωbcd
a = Eα
a∂bcE
α
d . (3.19)
This connection can be checked to annihilate both the little metric and the SL(5) invariant ǫabcde.
It transforms as in (3.3) up to section condition. It has non-vanishing generalised torsion, but
has vanishing curvature and generalised curvature. This is easiest to check by using the “big”
4If we were dealing with a truncation including the time direction, the coset space would instead be R+ ×
SL(5)/SO(3, 2) [75]. However, in this paper we assume our truncation is Euclidean.
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form of the connection. Then, as in [62], one finds that although the ordinary expression for the
Riemann tensor is not in general a generalised tensor, it is for the Weitzenbo¨ck connection by
the section condition, and also vanishes for this connection. Similarly, one can check that the
proposed general form for a generalised Ricci tensor [55] (see also [54, 56]) then vanishes for the
Weitzenbo¨ck connection, again using the section condition.
The associated big Weitzenbo¨ck connection
ΩBC
A = EA¯
A∂BE
A¯
C , (3.20)
is related to the little one by (3.4).
In order to use the generalised Weitzenbo¨ck connection we need parallelisability in the sense
of generalised geometry. Let us just mention that while parallelisability is a notoriously stringent
requirement for manifolds, it is a more relaxed requirement here. This is because the generalised
vielbein contains the spacetime vielbein as well as p-forms and even at points where the spacetime
vielbein vanishes, the p-forms may be non-zero. Indeed, this allows spheres of all dimensions to
be parallelisable [76].5 The examples we consider later will be parallelisable in the generalised
sense.
3.4 Constructing the action
The Weitzenbo¨ck connection is not invariant under local generalised Lorentz transformations,
Eαa → λ
α
βE
β
a , λαβ = −λβα . (3.21)
In order to construct a Lagrangian in terms of the generalised torsion of this connection, we
can use this lack of invariance as a constraining principle. We are looking to write down all
possible torsion squared terms but as the generalised torsion does not fall into an irreducible
representation of SL(5), there are naively many possible such terms that can be written down.
However, several of these are equivalent. This is made clearer by working in terms of the torsion
irreducibles, in terms of which there are merely five independent terms quadratic in the torsion:
mabmcdSacSbd , m
abmcdSabScd , m
abmcdτacτbd ,
mabm
cdmefmghT˜ceg
aT˜dfh
b , mabmcdT˜acf
eT˜bde
f ,
(3.22)
and a single term involving the covariant derivative of the torsion trace:6
mabma
′b′∇aa′τbb′ . (3.23)
5After this work first appeared, we were made aware of a proof of generalised parallelisability of hyperboloidal
spaces to appear in the revised version of [71].
6Note that for the Weitzenbo¨ck connection, one has the useful result that
∇ab|m|
−1 = −2|m|−1τab .
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It is straightforward to vary each of these terms under generalised Lorentz transformations, with
the result being that there is a unique (up to scale) combination of torsion squared contractions
giving a generalised Lorentz invariant scalar up to section condition. This scalar is
1
16
mabmcdSacSbd −
1
32
(mabSab)
2 +
5
3
mabmcdτacτbd
+
1
12
mabm
cdmefmghT˜ceg
aT˜dfh
b +
1
4
mabmcdT˜acf
eT˜bde
f − 2mabmcd∇acτbd ,
(3.24)
and under generalised Lorentz variation this has an anomalous transformation
6mabEα
cEβ
dΩ[ae|b|
e∂cd]λ
αβ = −mabEα
cEβ
d
(
Ωeab
e∂cdλ
αβ + 2Ωedb
e∂acλ
αβ
+ 2Ωadb
e∂ceλ
αβ − Ωcdb
e∂aeλ
αβ
)
,
(3.25)
which indeed vanishes by the section condition.
It is then possible to check that this Lagrangian (3.24) agrees with that appearing in the
action (2.7) up to the section condition term
+
1
2
(mabmcdΩaec
eΩdfb
f + 2mabmcdΩacb
eΩefd
f
−mabmcdΩaeb
eΩcfd
f −mabmcdΩafc
eΩdeb
f +mabmcdΩafb
eΩced
f ) .
(3.26)
This term can be written as
1
2
Y ABCDΩAE
CΩBF
DMEF = −
1
8
ǫeaa
′b′ǫecc′dd′Ωaa′e
cΩbb′f
dmc
′fmd
′e , (3.27)
and can be seen to be identical to the term which in [69] was necessary to add in by hand in order
to obtain a consistent Scherk-Schwarz reduction. This is exactly as expected from the double field
theory case, where the Lagrangian resulting from requiring invariance under generalised Lorentz
transformations led exactly to the analogous term needed for gauged double field theory [62].
3.5 Relationship to gauged supergravity
Let us briefly expand on the links to gauged supergravity mentioned above. Recall that in a
gauged supergravity, some subgroup of the global duality group, which here is our SL(5), is
enhanced to a local gauge symmetry.
It is possible to formulate gauged supergravities in any dimension as deformations of the more
familiar ungauged supergravities. Here, the embedding tensor [77,78], which describes explicitly
the embedding of the gauged subgroup into the larger duality group, plays an important role.
In order to preserve supersymmetry, this object obeys various constraints. Some of the allowed
components of the embedding tensor correspond to gaugings that can be obtained via a Scherk-
Schwarz or flux compactification. However, others do not - there are many allowed gaugings which
can give a gauged supergravity which appear to have no higher dimensional interpretation.
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A resolution is provided by extended field theory. It turns out that Scherk-Schwarz compacti-
fications of double field theory give, after solving a set of Scherk-Schwarz constraints that replace
the section condition, the Lagrangians of gauged (half-maximal) supergravity [63,67,68] (for re-
views of this material see [23, 24]). However, one can obtain all possible gaugings in this way.
This relies crucially on the existence of the extra coordinates, which enter into the theory in form
of generalised gaugings. Thus one finds that double field theory provides a higher dimensional
uplift for all (electrically) gauged half-maximal supergravities. This has been extended to the
gauged maximal supergravities in the case of the extended field theories for U-duality [54,69–71].
In a gauged Scherk-Schwarz reduction of the SL(5) exceptional field theory, one introduces
twisting matrices WAa which carry all dependence on the internal coordinates of the compacti-
fication. Here this would be the 10 coordinates xab - the resulting effective theory will depend
only on the external coordinates, which we denote X. Quantities which depend only on X will
be denoted with a hat, and the Scherk-Schwarz Ansatz is to assume that all physical fields and
gauge parameters may be factorised as
V a(x,X) = (W−1)A
a(x)Vˆ a(X) . (3.28)
Under this assumption, one finds that the symmetries of the theory are governed by the resultant
decomposition of the generalised Lie derivative
LUV
a = (W−1)A
a
(
LˆUˆ Vˆ
A −
1
2
τBCD
AUˆBC Vˆ D
)
, (3.29)
where LˆUˆ is just the generalised Lie derivative written in terms of only hatted quantities and
using only the capital indices A,B,C, which are the indices of the gauged exceptional field theory.
The quantity τBCD
A is then nothing but the generalised torsion (3.8) written in terms of the
quantities
ΩBCD
A ≡ (W−1)D
e∂BCW
A
e . (3.30)
The piece − 12τBCD
AUˆBC Vˆ D appearing in the local symmetries of the gauged theories then
amounts to a gauging. We see a direct link here between the generalised torsion and the embed-
ding tensor.
There are various conditions that must still be imposed to ensure we have a consistent theory.
Firstly, as we want to interpret τBCD
A as giving effectively the structure constants for some gauge
group, we must assume that it is constant. One also has consistency conditions from requiring
these be preserved under the local symmetries, and from requiring closure of the algebra of
symmetries of the gauged theory. This gives various quadratic constraints on the torsion [69],
which are one and the same as the quadratic constraints on the embedding tensor of gauged
supergravity [74].
Note that in our formulation, the only bosonic field is the little metric, which is decomposed
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in terms of the twists as
mab(x,X) =W
A
a(x)W
B
b(x)mˆAB(X) . (3.31)
The dynamical degrees of freedom are carried by mˆAB, while information about the background
on which we compactify is contained in the twist matrices. We can adopt the point of view that
we are only interested in studying properties of this background, in which case we take mˆAB to
be constant and identify the twist matrices with the generalised vielbein for the background:
mˆAB(X)→ δαβ , W
A
a(x)→ E
α
a(x) . (3.32)
The situation thus reduces to that which we have been studying so far in this paper. We shall
now continue in this framework, and not explicitly refer to the gauged Scherk-Schwarz setting
again: however, we will remember that we have these close links. In particular, although we will
not study this in this paper, the quadratic constraints resulting from this setting may be used
to derive Bianchi identities for the geometric and non-geometric fluxes which we now intend to
study.
4 The torsion as generalised fluxes: M-theory fluxes
Having found a geometrical origin for the action of the SL(5) extended field theory, we now
want to explore the meaning of the generalised torsion from the point of view of the physical
spacetime. To do so, we choose a general parametrisation of the generalised vielbein and work out
the components of the generalised torsion in this parametrisation. We will be able to identify
a set of spacetime tensors which appear naturally and which represent different fluxes in the
spacetime picture. Some of these fluxes can be immediately interpreted geometrically, while
others must be thought of as being non-geometric.
4.1 Parametrisation and field transformations
The guiding principle in writing down a parametrisation of the generalised vielbein is compatibil-
ity with the symmetries encoded in the generalised Lie derivative. For the M-theory section, we
may take the following general choice (which can also be constructed as a non-linear realisation
of SL(5) as explained in [79]):
Eαa = e
−φ/4
(
e−1/2 (eµi + V
µWi) e
1/2V µ
e−1/2Wi e
1/2
)
, (4.1)
which has inverse
Eα
a = eφ/4
(
e1/2eµ
i −e−1/2Wµ
−e1/2V i e−1/2
(
1 + V jWj
)) . (4.2)
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The fields appearing here are as follows. We have a spacetime vielbein eµi with determinant
e ≡ | det e|, and the scalar φ coming from the truncation (explicitly, one should take eφ =
|g7|
1/7, where g7 is the determinant of the metric in the external directions). The vector V
i is a
dualisation of the three-form:
V i =
1
3!
ǫijklCjkl , (4.3)
and the covector Wi is a dualisation of an antisymmetric field with three-vector indices:
Wi =
1
3!
ǫijklΩ
jkl . (4.4)
We refer to this as a dual field.7
Ordinarily one uses the local SO(5) symmetry of the generalised vielbein to remove the dual
field.8 However, in non-geometric situations (and also in certain cases when one has timelike
directions [80]) the local transformation needed to remove Ωijk turns out to not be globally well-
defined. This is discussed in the context of string theory in [53]. In order to take into account
all possible situations and parametrisations, we therefore include this field.9
Although we appear to have both Cijk and Ω
ijk present, this does not mean we have intro-
duced additional degrees of freedom. The local SO(5) symmetry is instead unbroken and can be
used to relate different configurations. However, only SO(5) invariant combinations appear in the
Lagrangian (3.24). Thus the Lagrangian only contains specific, SO(5) invariant, combinations
of gij , Cijk and Ω
ijk. Note that this is why we do not have to impose some constraint involving
the physical field and its dual, as was proposed in [30] in the NS-NS sector of type II, to remove
extraneous degrees of freedom.
We can decompose the generalised Lie derivative of the generalised vielbein into compo-
nents to check that (4.1) is a sensible parametrisation with respect to the usual splitting of the
diffeomorphism parameter, Uab → ξi, λij . The vector parameter ξi generates spacetime dif-
feomorphisms, while λ˜ij ≡
1
2ηijklλ
kl gives gauge transformations of the three-form. If we do
not impose the section condition, the usual physical transformations will be modified by terms
involving derivatives along the dual directions.
Our goal is to use the spacetime symmetries to classify the objects appearing in our torsion
irreducibles. The natural symmetries to use are spacetime diffeomorphisms, generated by ξi.
Using the generalised Lie derivative we find that under these transformations we have
δξe
µ
i = Lξe
µ
i ,
δξCijk = LξCijk ,
δξΩ
ijk = LξΩ
ijk − 3∂[ijξk] ,
(4.5)
7Parameterisations of the generalised vielbein using a dual field were considered for string theory in [53] and [26].
In [26] the parameterisation in terms of a dual field is interpreted as a field redefinition of the supergravity variables.
8Note that this local group has 10 components. Six of these are an SO(4) used to ensure the spacetime metric
has 10 rather than 16 components, leaving a remaining 4 to set Ωijk to zero.
9In DFT, a similar general parameterisation of the vielbein was used to describe geometric and non-geometric
fluxes of the electric sector of half-maximal gauged SUGRA [29,64, 67].
16
where Lξ here denotes the usual spacetime Lie derivative. We see that the dual field has an
unusual transformation under diffeomorphisms. This reflects the fact that it is associated to
non-geometric configurations, and does not fit naturally into the usual choice of section. By
choosing a different section, dual to the original, a subsector of the diffeomorphism parameters
would be reinterpreted as gauge transformations of the three-form, in which case the above
expression is natural. This is reminiscent of the NS-NS sector of 10-D supergravity [28, 29].
4.2 Spacetime geometry
4.2.1 Derivatives
In the following discussion of fluxes we will include possibly dependence on winding coordinates
as this will allow us to discuss locally non-geometric configurations. However, it is important to
stress that dependence on winding coordinates does not imply violation of the section condition.
Indeed, we will impose the section condition throughout. In double and exceptional field theory,
one can have configurations in which the fields depend on dual coordinates, which may be related
to usual physical frames by acting with “generalised duality transformations” along non-isometry
directions [11, 81–83]. Including the winding derivatives will also allow for the possibility of off-
section contributions to the fluxes (in a constrained Scherk-Schwarz setting) although we do not
discuss this further here.
The partial derivative ∂ab on the extended space decomposes into what we interpret as the
usual spatial derivative, ∂i, and the antisymmetric derivatives ∂ij . Note that the natural winding
coordinates of the theory are xij with lower indices: in the generalised coordinate x
ab these are
dualised using the alternating symbol ηijkl, so that xij ≡ 12η
ijklxkl. The derivative ∂ij is with
respect to the dualised coordinate, and so actually carries a non-zero weight under spacetime
diffeomorphisms.
Natural derivatives to use in the flux formulation are provided by flattening the indices on
∂ab using the generalised vielbein, giving the flat derivatives
Dαβ ≡ Eα
aEβ
b∂ab . (4.6)
We can obtain useful combinations of derivatives by unflattening these with the spacetime viel-
bein. This defines
∂ˆij ≡ e
−φ/2eµie
ν
jDµν , ∂ˆi ≡ e
−φ/2eµiDµ . (4.7)
The additional factor of e−φ/2 is inserted here by hand to cancel the factor of eφ/2 which results
from the generalised vielbein.
In terms of the ordinary spacetime and winding derivatives, we have
∂ˆi = (1 + V
jWj)∂i −WiV
j∂j − eV
j∂ij , (4.8)
∂ˆij = e∂ij + 2W[i∂j] . (4.9)
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Note that
∂ˆi − V
j ∂ˆji = ∂i . (4.10)
The derivative ∂ˆij may be dualised using the alternating tensor to define a natural duality
covariant extension of the winding derivatives:
∂ˆij ≡
1
2
ǫijkl∂ˆkl = ∂
ij +Ωijk∂k . (4.11)
This is an improvement over the bare ∂ij derivative in the following sense10. Consider some
spacetime diffeomorphism scalar, ϕ. Then, although ∂iϕ is automatically a tensor, ∂
ijϕ is not.
However, one can check that ∂ˆijϕ defines a spacetime tensor:
δξ∂ˆ
ijϕ = Lξ ∂ˆ
ijϕ , (4.12)
up to the section condition. Note that the latter is obeyed by ∂ˆij and ∂i, i.e. we have
∂ˆijf∂ig + ∂if ∂ˆ
ijg = 0 , ∂ˆ[ijf ∂ˆkl]g = 0 . (4.13)
Although we are not explicitly solving the section condition in the sense of setting ∂ij = 0
everywhere, we still impose the section condition as a constraint.
4.2.2 Tensors
In order to build tensors under spacetime diffeomorphisms, we first introduce flat connections
for both types of derivatives:
Γij
k ≡ eµ
k∂ie
µ
j , (4.14)
Γˆijk
l ≡ eµ
l∂ˆijeµk , (4.15)
with associated covariant derivatives, ∇i and ∇ˆ
ij :
∇iϕ
k ≡ ∂iϕ
k + Γij
kϕj , (4.16)
∇ˆijϕl = ∂ˆijϕl + Γˆijk
lϕk . (4.17)
Under spacetime diffeomorphisms we have
δξΓij
k = LξΓij
k + ∂i∂jξ
k , (4.18)
δξΓˆ
ij
k
l = LξΓˆ
ij
k
l + ∂ˆij∂kξ
l . (4.19)
These connections can be used to construct torsion-like quantities.
Let us now list the various spacetime tensors which can be constructed from these ingredients,
10See [28, 29] for a similar discussion for the NS-NS sector of type II supergravity
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giving also their classification according to the decomposition to four-dimensional spacetime
tensors, under SL(5) → SL(4). These tensors will be the geometric and non-geometric fluxes
that appear in the SL(5) torsion. The situation we find is quite analogous to that of the well-
known H-, geometric, Q- and R-fluxes in string theory which were discussed in a similar fashion
in [29], and we therefore use similar language. We wish to stress, however, that our tensors are
based on a different spacetime connection to that used in [29]. As a result, the tensors here
will not necessarily reduce in a straightforward manner to those considered in the supergravity
context [29] upon reducing to IIA.
F-flux: The field strength of the three-form is
Fijkl = 4∂[iCjkl] . (4.20)
This lives in the trivial representation 1 of SL(4).
Geometric flux: The natural spacetime Weitzenbo¨ck torsion is as usual:
Tij
k ≡ Γij
k − Γji
k . (4.21)
This is known as geometric flux. Its trace and trace-free parts correspond to the irreducible
representations 4 and 20 of SL(4).
Q-flux: This is a globally non-geometric flux, given by the tensor
Qi
jkl ≡ Qi
jkl + 3Γˆ[jki
l] , (4.22)
where we defined
Qi
jkl ≡ ∂iΩ
jkl . (4.23)
This is not a tensor by itself: Under a spacetime diffeomorphism, the transformation (4.5) of
Ωijk leads to
δξQi
jkl = LξQi
jkl − 3∂ˆ[jk∂iξ
l] . (4.24)
From (4.19) one can see that the anomalous variation is cancelled by the winding connection
term 3Γˆ[jki
l].
The Q-flux, Qi
jkl, fits into the 6 ⊕ 10 representation of SL(4), corresponding again to the
trace and trace-free parts. We can also define the dualised form
Qi,j ≡
1
3!
ǫjklmQi
klm , (4.25)
in which case the 6 and 10 correspond to the antisymmetric and symmetric parts.
R-flux: This is a locally non-geometric flux (i.e. it involves a dependence on a dual coordinate).
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By acting with a hatted winding derivative on the dual field we can define a tensor
Ri,jklm = 4∂ˆi[jΩklm] . (4.26)
This lives in a 4 of SL(4). The dual may be defined as
Li ≡
1
3!
ǫjklm∂ˆ
ijΩklm . (4.27)
T -flux: The quantity
T i,j ≡ Γˆkik
j , (4.28)
also transforms as a tensor. It lives in a 6⊕ 1¯0 of SL(4).
Finally, we will also have winding derivatives of the three-form:
∇ˆijCjkl , (4.29)
which will turn out to usually appear in the dualised form ∇ˆijV
k,
∇ˆijV
k = 4δk[i∇ˆ
lmCjlm] , (4.30)
giving additional pieces in the 4 and 20 of SL(4). This is a spacetime diffeomorphism tensor
although it is not gauge invariant.
4.3 Decomposition of the torsion irreps
We can now give the decomposition of the generalised torsion in terms of the above tensors (some
of the intermediate results in this calculation may be found in appendix B). This will allow us
to understand the effect of dualities on flux backgrounds as we will demonstrate using examples
in section 5
15: We have
S55 = 4e∇kV
k =
e
3!
ǫijklFijkl −
2e
3
ǫijklCijkTlm
m ,
Si5 = 2Tki
k + 2∇ˆkiV
k + e−1WiS55 ,
Sij = −4e
−1Q(i,j) + e
−12W(iSj)5 − e
−2WiWjS55 .
(4.31)
The recursive form and the factors of e are required by the generalised Lie derivative. In terms
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of group theory, the 15 of SL(5) reduces to the 10⊕ 4⊕ 1 of SL(4). It is easy to identify these:
10 : Q(i,j) ,
4 : ∇ˆjiV
j + Tji
i ,
1 : Fijkl .
(4.32)
10: We have
τi5 =
1
2
∇ikV
k −
1
2
Tik
k −
3
2
∂iφ ,
τij = e
−1
(
ǫijklT
k,l +Q[i,j] − 2W[iτj]5 −
3
2
∂ˆijφ
)
.
(4.33)
Here we see the 10 of SL(5) reduces to the 4⊕ 6 of SL(4).
40: We obtain
T˜ij5
k = −Tij
k −
2
3
δk[iTj]l
l +∇ijV
k +
2
3
δk[i∇j]lV
l , (4.34)
T˜ijk
l = e−1ǫijkmT
m,l + 2e−1δl[iǫjk]mnT
m,n + 2e−1Q[i,jδ
l
k] + 3e
−1W[iT˜jk]5
l , (4.35)
T˜ij5
5 = −
4
3
e−1Q[i,j] −
1
3
e−1ǫijklT
k,l − e−1WkT˜ij5
k , (4.36)
T˜ijk
5 = −e−2ǫijklL
l − e−1WlT˜ijk
l + 3e−1W[iT˜jk]5
5 − 3e−2WlW[iT˜jk]5
l . (4.37)
Observe that these are not automatically spacetime irreducible representations: we have T˜ijk
k =
−T˜ij5
5 as a consequence of the tracelessness of T˜ . Let us dualise the former,
T˜ i,j ≡
1
3!
ǫiklmT˜klm
j =
1
3
e−1ǫijklQk,l +
1
3
e−1T [i,j] − e−1T (i,j) +
1
2
e−1ǫiklmWkT˜lm5
j . (4.38)
We can then check we have T˜ [i,j] = − 14ǫ
ijklT˜kl5
5. Hence the true SL(4) irreducibles may be
identified as
T˜ [i,j] =
1
3
e−1ǫijklQk,l +
1
3
e−1T [i,j] +
1
2
e−1ǫ[i|klmWkT˜lm5
|j] (4.39)
T˜ (i,j) = −e−1T (i,j) +
1
2
e−1ǫ(i|klmWkT˜lm5
|j) (4.40)
The 40 here decomposes as 40→ 4¯⊕ 6⊕ 1¯0⊕ 20 and we can identify
20 : ∇ˆijV
k − Tij
k − trace ,
1¯0 : T (i,j) ,
6 : Q[i,j] ,
4¯ : Li .
(4.41)
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5 M-theory flux examples
In this section, we wish to present some examples of easily obtainable non-geometric backgrounds
in string theory and M-theory which are best described in the framework of an extended theory.
We will focus here on backgrounds which can be obtained by dualising a geometric background
with a single flux. Although we will not be presenting novel solutions, we wish to stress the
point that the approach of this paper allows one to fully understand the non-geometric fluxes
that appear.
5.1 The string theory prototype
First, let us describe the well-known prototypical toy example for the NS-NS sector [25, 26]. As
usual, we will start with a flat 3-torus with H-flux:
ds2 = dx2 + dy2 + dz2 ,
B2 = Nzdx ∧ dy .
(5.1)
The H-flux is Hxyz = N .
Dualising along the x-direction one obtains a twisted torus:
ds2 = (dx˜−Nzdy)2 + dy2 + dz2 ,
B2 = 0 .
(5.2)
The geometric flux of this background
Tij
k = eµ
k∂[ie
µ
j] , (5.3)
is non-zero: Tyz
x˜ = N .
Another duality, this time along the y-direction, gives a globally non-geometric background
with Q-flux. The usual metric and Kalb-Ramond form are then globally ill-defined
ds2 =
dx˜2 + dy˜2
1 +N2z2
+ dz2 ,
B2 = −
Nz
1 +N2z2
dx˜ ∧ dy˜ .
(5.4)
This is because the local SO(5) transformation that would be needed to remove the βij field in
the generalised vielbein is globally ill-defined. However, one could instead remove the B-field.
In the resulting “non-geometric” frame the background is
ds2 = dx˜2 + dy˜2 + dz2 ,
β2 = Nz∂x˜ ∧ ∂y˜ .
(5.5)
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This non-geometric background has a Q-flux
Qx˜y˜z = ∂zβ
x˜y˜ = N . (5.6)
Finally, one can perform a duality along the z-direction, which is not an isometry, to obtain
a locally non-geometric background,
ds2 = dx˜2 + dy˜2 + dz˜2 ,
β2 = Nz∂x˜ ∧ ∂y˜ .
(5.7)
This background depends explicitly on z, which in this frame is a dual coordinate. Hence we say
that there is no local geometric description. The R-flux of this background is
Rx˜y˜z˜ = 3∂[x˜βy˜z˜] = N . (5.8)
This chain of dualities is summarised by saying that
Hxyz → T
x
yz → Q
xy
z → R
xyz , (5.9)
Thus, we see that a single Buscher T-duality lifts an index from a subscript to a superscript [11].
This is best understood as the action of T-duality on the O(D,D) generalised torsion of the
Weitzenbo¨ck connection [62] which analogously to the torsion considered here is a covariant
O(D,D) tensor containing the fluxes [63, 64].
5.2 Duality chains and an M-theory toy model
We described the fluxes of M-theory in terms of U-duality tensors. Thus, we can now find the
action of U-dualities on fluxes simply by performing matrix multiplication. In order to describe
duality chains similar to the above, we need to use the M-theory versions of Buscher dualities.
As the M-theory U-duality groups reduce only to the T-duality subgroup SO(D,D) one such
U-duality can be thought of as corresponding to a pair of Buscher dualities. In fact one finds
that the form of the duality in fact exchanges three directions with dual coordinates - reducing
to string theory on one of these directions one is able to show that the duality descends to a
Buscher duality acting on the other two (plus an exchange of coordinates) [79].
The SL(5) element in question is
Uab =
(
δij − n
in¯j n
i ,
−n¯j 0
)
, (5.10)
where nin¯i = 1.
The choice of vector ni specifies the directions in which the duality acts. Suppose our phys-
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ical coordinates are x, y, z, w,11 which we will think of as parametrising some four-torus in the
examples below. Let the duality be along the x, y, w directions (so that if we reduce from
M-theory to string theory on the w direction this descends to a usual pair of Buscher dualities
on the x and y directions). Then we should take nz = n¯z = 1, and the effect of the duality on a
generalised tensor is to swap the z index for a 5 index and a 5 index for a z index, up to a sign:
if V˜ a = UabV
b then letting α = x, y, w one has V˜ α = V α, V˜ z = V 5, V˜ 5 = −V z. (Similarly for
V˜a = Vb(U
−1)ba one has V˜α = Vα, V˜z = V5, V˜5 = −Vz .)
For the generalised coordinates this means that for x˜ab = UacU
b
dx
cd,
x˜αβ = xαβ , x˜αz = xα5 , x˜α5 = xzα , x˜z5 = xz5 . (5.11)
The physical coordinates in the new frame are x˜α5 and x˜z5. We shall denote a Buscher duality
along the three directions x, y, w by Uxyw.
Let us now turn to the fluxes to see what kind of non-geometric backgrounds we can obtain
by dualising geometric ones. This is a much more delicate matter than for string theory because
we always have to dualise along three directions. For simplicity, we will focus here on geometric
backgrounds with just one flux, either the four-form flux or the geometric flux.
If we start with a four-form flux turned on, then referring to the expressions (4.31), (4.33)
and (4.34) to (4.37) for the irreducible components, we see we only have non-zero S55. By acting
with the transformation matrix Uxyw (any choice of directions could be made here) we find this
can only be dualised into a Q-flux, corresponding to having non-zero Szz component:
Fwxyz
Uxyw
←→ Qz,z ≡ Qz
wxy . (5.12)
(Recall that the globally non-geometric Q-flux Qi
jkl, defined in (4.23), appears as the trace-free
part, Q(i,j), and also a trace part Q[i,j].)
If instead we begin with a geometric flux of the form Tix
i and no three-form, corresponding
to the torsion irreducible Sx5, then
Tix
i Uyzw←→ Tix
i Uxyw←→ Q(x,z) . (5.13)
Note that in this case the initial compactification is on a non-uni-modular Lie group and so we
do not expect the lower-dimensional supergravity to have a consistent action principle [84].
Now let us consider the other kind of geometric background: one with traceless geometric
flux, e.g. Tyz
x. This corresponds to the torsion irreducible T˜yz5
x and referring to the component
decompositions of this irreducible, equations (4.34) to (4.37), we now find two different ways to
11We will take ηxyzw = ηxyzw = +1.
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obtain an R-flux:
Tyz
x Uyzw←→ Rw[x,yzw] ,
Txy
z Uxyz←−−→ T x,x
Uyzw
←→ Rx[x,yzw] .
(5.14)
Note that these will involve carrying out dualities along directions which are not isometries. This
is of course expected to be the case for a background carrying locally non-geometric R-flux, and
is possible within the framework of the extended theory.
This configuration, Tyz
x 6= 0, is also self-dual under Uxzw or Uxyw
Txy
z Uxzw←→ Txy
z Uxyw←→ Txy
z . (5.15)
Obviously other duality chains will be possible involving more complicated set-ups. We will finish
this subsection by considering a toy model that presents in detail the generalisation to M-theory
of the string theory three-torus with H-flux. We will realise two of the above-mentioned example
duality chains explicitly: Fwxyz ←→ Qz,z and Tyz
x ←→ Rw[x,yzw].
We thus introduce a four-torus with coordinate x, y, z, w, and include a general external
metric in the other seven directions as it will transform under dualities too. To be precise, the
external metric will transform conformally, with the scaling determined by the transformation
of the extra scalar eφ in the generalised metric, given the identification eφ = |g7|
1/7.
For Fwxyz ←→ Qz,z, our initial T
4 is flat and we choose a three-form with constant flux
through this torus:
ds2 = ds27 + dz
2 + dw2 + dx2 + dy2 ,
C3 = Nzdw ∧ dx ∧ dy ,
(5.16)
This corresponds to S55 = 4N . We can now carry out a Buscher transformation along the w, x, y
directions. We find the resulting configuration to be
ds2 = (1 +N2z2)1/3ds27 + (1 +N
2z2)1/3dz2 + (1 +N2z2)−2/3(dw˜2 + dx˜2 + dy˜2) ,
C3 = −
Nz
1 +N2z2
dw˜ ∧ dx˜ ∧ dy˜ .
(5.17)
This background is non-geometric: when using the 3-form C3 to express the solution looks
ill-defined globally. It needs to be patched by a U-duality transformation which is not a diffeo-
morphism or gauge symmetry of C3. This bad behaviour is introduced because the local SO(5)
transformation which is needed to obtain the frame involving C3 is globally ill-defined. Instead
we should consider an alternative frame, containing a trivector. Using the expressions (A.2) we
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get
ds˜2 = ds27 + dz
2 + dw˜2 + dx˜2 + dy˜2 ,
Ω3 = −Nz∂x˜ ∧ ∂y˜ ∧ ∂w˜ .
(5.18)
In this dual frame the solution is periodic but involves a dual field. It is easy to see that there is
non-zero Q-flux, Qz
x˜y˜w˜ = Qz,z = −N as expected from the duality chain: we obtain Szz = 4N
exactly as predicted by the transformation of the torsion under duality.
For the other duality chain, Tyz
x ←→ Rw[x,yzw], let us instead start with a twisted torus
background
ds2 = ds27 + dw
2 + dz2 + (dx−Nzdy)2 + dy2 ,
C3 = 0 .
(5.19)
This background has non-zero geometric flux, Tyz
x = N , which corresponds to the irreducible
T˜yz5
x = −N . This configuration is self-dual under Buscher duality on x, y, w directions as seen
from (5.15). Let us instead consider a Buscher duality acting on y, z, w directions. In the C3
frame we have
ds2 = (1 +N2z2)1/3ds27 + (1 +N
2z2)1/3dy˜2 + (1 +N2z2)−2/3
(
dx2 + dz˜2 + dw˜2
)
C3 = −
Nz
1 +N2z2
dx ∧ dz˜ ∧ dw˜ .
(5.20)
This can be seen to depend on what is now a dual coordinate, z, and so is not even locally
geometric. However, one can still pass to a more appropriate description with the trivector:
ds˜2 = ds27 + dz˜
2 + dw˜2 + dx2 + dy˜2 ,
Ω3 = −Nz∂x˜ ∧ ∂z˜ ∧ ∂w˜ .
(5.21)
We can do nothing about the dependence on z, but this frame leads to a well-defined flux.
By carefully referring to the transformations (5.11), we see we can identify z with the winding
coordinate x˜zx, so that we have ∂y˜w˜Ωxz˜w˜ = −N . Using the definition (4.26) we see the R-flux is
Rw˜,xy˜z˜w˜ = −N (5.22)
and as a result we indeed have from the decomposition (4.37) that T˜xy˜z˜
5 = N .
5.3 The 53 solution
We will now demonstrate that our duality chains are also applicable to solutions of M-theory.
We thus consider acting with dualities on M-theory solutions with similar properties to the toy
examples just discussed. One such solution is the 53 brane [35, 85]. This is obtained by acting
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dualising the M5 brane. The solution for the latter is
ds2 = H−1/3(−dt2 + d~y5
2) +H2/3d~z5
2 ,
C6 = (H
−1 − 1)dt ∧ dy1 ∧ · · · ∧ dy5 ,
(5.23)
where H = 1 + kr3 and r ≡ |~z5|. We wrap the solution on a transverse T
3, in the z3, z4, z5
directions and smear it in those directions. The resulting solution can then be dualised along
these directions. Prior to dualising, we have
ds2 = H−1/3
(
−dt2 + d~y5
2
)
+H2/3
(
dr2 + r2dθ2
)
+H2/3
(
(dz3)
2 + (dz4)
2 + (dz5)
2
)
,
C3 = σθdz3 ∧ dz4 ∧ dz5 ,
(5.24)
where now H = h0 + σ log
µ
r , with constant σ ≡
2k
pi2R3R4R5
, µ a regularisation scale and h0 a
divergent bare quantity (see the discussion in [35] for the very similar case of the 522 brane in
string theory). We have switched to polar coordinates, r, θ, in the z1, z2 directions. Note that
the solution carries a constant F4 flux.
We now consider U-duality acting in the z3, z4, z5 directions. The transformed solution has
the form
ds2 = H−1/3K1/3
(
−dt2 + d~y5
2
)
+H2/3K1/3
(
dr2 + r2dθ2
)
+H2/3K−2/3
(
(dz˜3)
2 + (dz˜4)
2 + (dz˜5)
2
)
,
C3 = −K
−1σθdz˜3 ∧ dz˜4 ∧ dz˜5 ,
(5.25)
where
K = H2 + σ2θ2 . (5.26)
This is a non-geometric solution: it is not single-valued for θ → θ+ 2π, even modulo coordinate
transformations and gauge transformations. However, it can be seen to transform by a duality
transformation as θ → θ+2π. The solution is thus an example of a U-fold. This is the M-theory
analogue of the “Q-brane” in string theory [44] and is also known as the 53 brane.
The fact that we have such unpleasant behaviour of our physical fields is a consequence of
using an unsuitable parametrisation. We should as before instead use a non-geometric frame,
exchanging the three-form for a trivector Ω3. Carrying out the field redefinition using the gen-
eralised metric (A.2), one obtains the new form of the solution:
ds2 = H1/3
(
−dt2 + d~y5
2
)
+H4/3
(
dr2 + r2dθ2
)
+H−2/3
(
(dz˜3)
2 + (dz˜4)
2 + (dz˜5)
2
)
,
Ω345 = −σθ .
(5.27)
We see now that this solution is well-defined for θ → θ+2π, up to a simple gauge transformation of
the trivector. Such a transformation has no simple interpretation in terms of the usual geometric
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and physical variables, and is the source of the non-geometric behaviour. It has constant M-
theoretic Q-flux, Qθ
345 = −σ.
Similarly, one could start with the M-theory Kaluza-Klein monopole, which carries geometric
flux, and carry out a duality transformation along a non-isometry direction to reach a configu-
ration with R-flux, the analogue of the “R-brane” in string theory [44].
6 The torsion as generalised fluxes: IIB fluxes
We now repeat the analysis of the previous sections for the case where we choose a parametrisa-
tion of the generalised vielbein that, after choosing an inequivalent section choice, leads to IIB
supergravity [49].
6.1 Parametrisation and field transformations
For IIB, by noticing that the little metric in M-theory parametrisation has a similar form to the
inverse little metric in IIB parametrisation, we may take
Eαa = e
−φ/4
(
e1/2eµ¯µ e
−1/2W µ¯i
e1/2V i¯µ e
−1/2
(
hi¯i + V
i¯
ρW
ρ
i
)) , (6.1)
with inverse
Eaα = e
φ/4
(
e−1/2
(
eµµ¯ +W
µ
k V
k
µ¯
)
−e−1/2Wµ
i¯
−e1/2V iν¯ e
1/2hij¯
)
. (6.2)
Here g ≡ det(gµν), with eµ¯
µ the vielbein for this metric. Meanwhile hi¯i is a vielbein for the unit
determinant matrix of scalars,Mij (and so parametrises the coset SL(2)/SO(2)). Again we have
the scalar φ related to the truncation, with eφ = |g7|
1/7.
We have that V iµ is a dualisation of the two two-forms, V
i
µ =
1
2ǫµνρB
iνρ, while similarly
Wµi =
1
2ǫ
µνρβiνρ (here ǫ
µνρ = g1/2ηµνρ). The preceding involve what we take as the “natural”
position of the SL(2) index in defining these objects and the bivectors βiµν include the original
bivector field of 10-d supergravity [26] (usually simply referred to as βµν) as well as its S-
dual. Note that there will be a further dual field appearing in hi¯i (as an alternative to the
Ramond-Ramond zero form). Hence we have included dual fields for all form fields appearing
in the generalised vielbein. See section 4.1 for a discussion of the relationship of the local SO(5)
symmetry and the form-potentials and their dual fields in the generalised vielbein.
In the IIB parametrisation, the coordinates xab lead to physical coordinates xµ ≡
1
2ηµνρx
νρ,
alongside dual coordinates xµi and xij . The generalised diffeomorphism parameter Uab vector
ξµ ≡
1
2ηµνρU
νρ, which generates spacetime diffeomorphisms, a pair of 1-forms, λiµ, which gener-
ate gauge transformations of the 2-forms Biµν , and an additional component U ij , which vanishes
from the transformation rules when the IIB section is imposed.
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Note that S-duality (acting on the SL(2) indices i, j) is manifest in this parametrisation, and
as a result when the action (2.7) is evaluated using (6.1) with Wµ
i¯
= 0 we reach (a truncation
of) the IIB supergravity action in Einstein frame [49].
We can evaluate the transformation properties of the fields under these transformations using
the generalised Lie derivative. As before, we will focus on the classification of tensors and other
objects in the theory using spacetime diffeomorphisms. Note that these are defined by
δξϕµ ≡ Lξϕµ = ξν∂
νϕµ − ϕν∂
νξν . (6.3)
The dualisation of the coordinates means that vectors carry a lower index.
Starting from the vielbein or generalised metric, one can show that
δξe
µ
µ¯ = Lξe
µ
µ¯ ,
δξB
iµν = LξB
iµν ,
δξβiµν = Lξβiµν + 2∂i[µξν] .
(6.4)
Again, we see that the dual fields have an unusual transformation under spacetime diffeomor-
phisms, just as was noted for the NS-NS sector in [28, 29].
6.2 Spacetime geometry
6.2.1 Derivatives
We have the same flattened partial derivatives (4.6) as before. We obtain useful combinations of
derivatives by curving with the spacetime vielbein on flat spacetime indices, and with the scalar
coset vielbein hi¯i on flat scalar indices:
∂ˆij ≡ e
−φ/2hi¯ih
j¯
jDi¯j¯ ,
∂ˆµi ≡ e
−φ/2eµ¯µh
i¯
iDµ¯i¯ ,
∂ˆµν ≡ e
−φ/2eµ¯µe
ν¯
νDµ¯ν¯ .
(6.5)
In terms of the vanilla spacetime and winding derivatives,
∂ˆij = e∂ij + e
−1Wµi W
ν
j ∂µν + 2W
µ
[i ∂j]µ , (6.6)
∂ˆµi = ∂˜µi − V
k
µ ∂ˆki , (6.7)
∂ˆµν = e
−1∂µν + 2V
i
[µ∂˜ν]i + V
i
µV
j
ν ∂ˆij . (6.8)
Here we have introduced the quantity
∂˜µi = ∂µi + βiµν∂
ν = ∂µi − e
−1W ρi ∂µρ , (6.9)
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which is a generalisation of the anholonomic dual derivative introduced for the NS-NS sector of
type II supergravity in [28, 29].
The structure is a little more intricate in this case than it was for M-theory. The derivatives
we choose to express our tensors in are going to be ∂µ ≡ 12η
µνρ∂νρ, ∂˜µi, and ∂ˆij . All three of
these derivatives have the property that if ϕ is a scalar, then the derivative of ϕ is a tensor, up
to the section condition. Note that the section condition is obeyed using these derivatives.
6.2.2 Tensors
We introduce flat connections built out of the above derivatives:
Γµνρ ≡ e
µ¯
ρ∂
µeµ¯
ν , Γ˜µi
ν
ρ ≡ e
µ¯
ρ∂˜µieµ¯
ν , Γˆij
ν
ρ ≡ e
µ¯
ρ∂ˆijeµ¯
ν . (6.10)
Up to section condition, we have
δξΓ
µν
ρ = LξΓ
µν
ρ + ∂
µ∂νξρ , (6.11)
δξΓ˜µi
ν
ρ = LξΓ˜µi
ν
ρ + ∂˜µi∂
νξρ , (6.12)
δξΓˆij
ν
ρ = LξΓˆij
ν
ρ + ∂ˆij∂
νξρ . (6.13)
We also define ‘connections’ (which are in fact spacetime tensors) built using the scalar vielbein:
Γµi
j = hi¯
j∂µhi¯i , Γ˜µki
j = hi¯
j ∂˜µkh
i¯
i , Γˆkli
j = hi¯
j ∂ˆklh
i¯
i . (6.14)
Note the differing index positions in these definitions. In general, when we have an object ϕiµ
carrying both a spacetime and an S-duality index, we have by definition
∇Aϕ
i
µ = ∂Aϕ
i
µ + ΓAj
iϕiµ + ΓA
ν
µϕ
j
ν , (6.15)
for A any index we are considering: A = µ, µi, ij .
We can now use these to give the full set of spacetime tensors which appear. We may classify
them group theoretically according to their spacetime tensor structure and behaviour under S-
duality, corresponding to the decomposition SL(5) → SL(3) × SL(2). Before listing the tensors
we find, we wish to reiterate that our geometric construction here uses a different connection to
that previously used to discuss 10-dimensional supergravity [29].
H-fluxes: We have a pair of S-dual field strengths,
Hiµνρ ≡ 3∂[µB|i|νρ] , (6.16)
in the (1,2) of SL(3)× SL(2).
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Geometric flux: The usual geometric flux is just
T µνρ = Γ
µν
ρ − Γ
νµ
ρ . (6.17)
This exists in the 3⊕ 6 representation of SL(3), and is invariant under the SL(2) S-duality.
Q-fluxes: We have a pair of S-dual non-geometric Q-fluxes, one for each dual bivector. They
are defined by
Qµiνρ = Q
µ
iνρ − 2Γ˜i[ν
µ
ρ] , (6.18)
where
Qµiνρ = ∂
µβiνρ . (6.19)
This is a tensor under spacetime diffeomorphisms and corresponds to a (3,2)⊕ (6,2) of SL(3)×
SL(2). The first term Qµiνρ is not a tensor by itself: we have
δξQ
µ
iνρ = LξQ
µ
iνρ − 2∂˜i[ν∂
µξρ] . (6.20)
However, comparing with equation (6.12) we see that the connection Γ˜i[ν
µ
ρ] cancels the anoma-
lous variation.
R-flux: The R-flux structure is somewhat involved. Consider the combination
∂˜µiβjνρ , (6.21)
for which
δξ∂˜µiβjνρ = Lξ ∂˜µiβjνρ + 2∂˜µi∂˜j[νξρ] , (6.22)
where the derivatives on the right only act on ξρ. It turns out that this can be completed to
form two tensors,
Rij ≡ ǫ
µνρ∂˜µ(iβj)νρ , (6.23)
which lives in the (1,3) of SL(3)× SL(2), as well as
Rµνij ≡ ǫ
µκλ∂˜ν[iβj]κλ − Γˆij
µ
ν + δ
µ
ν Γˆij
ρ
ρ . (6.24)
which lives in the (1,1)⊕ (8,1) of SL(3)× SL(2).
T -fluxes: The trace
Tiµ ≡ Γ˜iν
ν
µ (6.25)
is also a tensor, in the (3,2) of SL(3)× SL(2).
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There are also winding derivatives of the usual form fields:
∇ˆiµV
j
ν =
1
2
ǫνρσ∇ˆiµB
jρσ , ∇ˆijV
k
µ =
1
2
ǫµνρ∇ˆijB
kνρ . (6.26)
These give pieces in (3¯⊕ 6¯,1⊕ 3) and (3,2) of SL(3)× SL(2), respectively.
Scalar fluxes: Finally, the definitions (6.14) may be taken as providing a set of scalar fluxes for
each derivative:
Γµi
j , Γ˜µij
k, Γˆijk
l . (6.27)
These are tensors in the (3,3), (3,2⊕ 4) and the (1,3) representations of SL(3)× SL(2). Note
that in the usual parametrisation, the scalar matrix is
Mij = e
Φ
(
(C0)
2 + e−2Φ C0
C0 1
)
, (6.28)
where Φ is the string dilaton and C0 the R-R zero form. Picking a vielbein
hi¯i = e
Φ/2
(
e−Φ 0
C0 1
)
, (6.29)
one finds that the components of Γabi
j are
Γabi
j =
(
− 12∂abΦ C0∂abΦ+ ∂abC0
0 12∂abΦ
)
. (6.30)
In general one may wish to introduce a dual field in place of C0.
6.3 Decomposition of the torsion irreps
We can now, as before, express the torsion irreps in terms of these spacetime tensors (again, see
appendix B for the intermediate stages of the calculation). Note that the covariant derivatives
appearing in these expressions include a contribution from the scalar flux, so for instance
∇˜µiV
j
ν ≡ ∂˜µiV
j
ν + Γ˜µiν
ρV iρ + Γ˜µik
jV kµ . (6.31)
15: We have
Sµν = 4e∇˜k(µVν)
k − 2eǫκλ(µT
κλ
ν) ,
Sµi = −2Γ˜kµi
k + 2Qρiµρ + 2∇ˆkiV
k
µ + e
−1W νi Sµν ,
Sij = −4Rij − 4Γˆk(ij)
k + 2e−1Wµ(iSj)µ − e
−2Wµi W
ν
j Sµν .
(6.32)
This gives the decomposition into (6,1)⊕ (3,2)⊕ (1,3) of SL(3)× SL(2).
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10: We have
τµν =
1
2
eǫκλ[µT
κλ
ν] − ∇˜i[µVν]
i −
3
2
ǫµνρ∂
ρφ ,
τµi = −
1
2
∇ˆijVµ
j −
1
2
Qρiµρ −
1
2
Γ˜µji
j + Tiµ −
3
2
∂˜µiφ+ e
−1W νi τµν ,
τij = −
1
2
e−1Rρρij −
3
2
e−1∂ˆijφ− 2e
−1W ν[iτj]ν − e
−2Wµi W
ν
j τij .
(6.33)
Here we have terms in the (3¯,1)⊕ (3,2)⊕ (1,1) of SL(3)× SL(2).
40: We have
T˜µνρ
i = e2ǫµνρ∇
λV iλ
= e2ǫµνρ
(
1
3!
ǫκλσH
iκλσ −
1
2
ǫκλσB
iκλT στ τ +
1
2
ǫκλσΓ
σ
j
iBjκλ
)
,
(6.34)
T˜µνρ
λ = eǫµνρ
(
2
3
T λκκ −
1
3
ǫλκσ∇˜iκV
i
σ
)
− e−1Wλi T˜µνρ
i , (6.35)
T˜µνi
j = 2e∇˜i[µV
j
ν] − eǫµνλΓ
λ
i
j +
2
3
eδji
(
1
2
ǫκλ[µT
κλ
ν] − ∇˜k[µV
k
ν]
)
+ e−1W ρi T˜µνρ
j ,
(6.36)
T˜µνi
ρ = Qρiµν −
2
3
δρ[µ
(
T|i|ν] + ∇ˆ|ij|V
j
ν] − 2Q
λ
|i|ν]λ + Γ˜ν]ji
j
)
+ e−1Wλi T˜µνλ
ρ − e−1W ρj T˜µνi
j + e−2W ρj W
λ
i T˜µνλ
j ,
(6.37)
T˜µij
k = ∇ˆijV
k
µ − 2Γ˜µ[ij]
k +
2
3
δk[i
(
∇ˆj]lV
l
µ +Q
ρ
j]µρ + Γ˜|µ|l|j]
l − 2Tj]µ
)
+ 2e−1Wλ[i T˜j]µλ
k − e−2Wκi W
λ
j T˜µκλ
k ,
(6.38)
T˜µij
ν = Rνµij −
1
3
δνµR
ρ
ρij
− e−1W νk T˜µij
k + 2e−1Wλ[i T˜j]µλ
ν − e−2Wκi W
λ
j T˜µκλ
ν
+ 2e−2W νkW
λ
[i T˜j]µλ
k − e−3Wκi W
λ
j W
ν
k T˜µκλ
k .
(6.39)
The irreducible representations are
(8,1) : Rνµij − trace ,
(6,2) : Qρiµν − trace ,
(3,3) : 2∇˜i[µV
j
ν] − ǫµνρΓ
ρ
i
k − trace ,
(3,2) : ∇ˆikV
k
µ − 2Γ˜µ[ij]
k ,
(3,1) : T µνν ,
(1,2) : Hiµνρ .
(6.40)
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7 IIB flux examples
In this final section of the paper, we will present some straightforward examples of duality chains
connecting geometric and non-geometric fluxes in type IIB.
7.1 Duality chains and toy model
To generate duality chains in the IIB parametrisation, we again introduce an SL(5) duality
element, which implements a pair of Buscher transformations (plus an interchange of the dualised
coordinates).
As before, let nµ point along the direction not being dualised and introduce n¯
µ with nµn¯
µ = 1.
We also need a two-component vectormi, which should be taken to point along the i = 1 direction
for a normal Buscher T-duality and along the i = 2 direction for its S-dual. Introduce m¯i such
that mim¯i = 1. Then we can take
Uab =
(
δµν − n¯
µnν n¯
µmj
−minν δ
i
j −m
imj
)
. (7.1)
If we label our coordinates x, y, z as before, and take nz = 1, m
1 = 1, then the effect of this
duality is to exchange a z index for a S-duality 1 index, and a 1 index for a z, up to a sign:
letting α = x, y we would have V˜ α = V α, V˜ z = V 1, V˜ 1 = −V z and V˜ 2 = V 2 for V˜ a = UabV
b.
Similarly, the effect on a lower index is to give V˜z = V1, V˜1 = Vz and the rest unchanged.
As well as Buscher type transformations, we can also generate new fluxes using S-duality.
These transformations are embedded in SL(5) in the obvious way:
Uab =
(
δµν 0
0 Aij
)
, Aij ∈ SL(2) . (7.2)
The basic S-duality inversion is generated by
Aij =
(
0 −1
1 0
)
, (7.3)
and we will denote the corresponding SL(5) transformation by S. We can immediately see for
instance that our three-form fluxes Hiµνρ form a natural doublet under S-duality, as do their
Buscher duals, the Q-fluxes Qµiνρ. Similarly, the symmetric R-fluxes Rij (which are Buscher
dual to geometric flux) mix under S-duality transformations.
The NS-NS sector duality chain of section 5.1 is of course available to us in the IIB theory,
with the obvious difference that we are only allowed to do two Buscher dualities at a time. Just
as in the M-theory case, the chain thus splits between the two irreducibles.
Consider first the irreducible T˜abc
d, whose decomposition into IIB fluxes is given in equations
(6.34) - (6.39). Let us consider the toy set-up with coordinates x, y, z. Note that the coordinates
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xµ in the IIB extended theory can be exchanged under duality for winding coordinates associated
either to the NS-NS sector, x˜µ1, or the Ramond-Ramond sector, x˜µ2. We will denote the T-
duality elements that do this for x, y and their duals by Txy,1 and Txy,2, respectively. The effect
of these elements on a U-duality tensor is, as noted above, to exchange the z index with the 1
or 2 index, respectively. Note that Txy,2 = S
−1Txy,1S.
Let us start with a configuration with three-form NS-NS flux, H1xyz. This corresponds to
the T˜xyz
1 component of the irreducible. Acting with T-duality on x, y leads of course to Q-flux,
corresponding to a non-zero T˜xy1
z . Acting with S-duality gives the same picture, but in terms
of Ramond-Ramond flux leading to a Ramond-Ramond Q-flux, which in our notation is Qz2xy
(in the literature this has been referred to as P zxy [46]).
We can further act with Txz,2 on the Q
z
1xy configuration or with Txz,1 on the Q
z
2xy one, to
reach the T˜x12
z component, which corresponds to a configuration with the non-vanishing R-flux,
Rzx12 6= 0. This is not the usual R-flux, but the novel type defined in (6.24). This involves a
duality acting on the non-isometry z direction, and so indeed is expected to give a non-locally
geometric flux.
Alternatively, one can generate scalar flux (6.27) by acting with Txy,2 on the Q
z
1xy configu-
ration, which leads to the T˜xy1
2 component containing a non-vanishing Γz1
2.
Let us show how the latter two examples work in practice, in the context of the toy model.
We start with the non-geometric NS-NS Q-flux solution in non-geometric frame:
ds2 = dx2 + dy2 + dz2 ,
β2 = Nz∂x ∧ ∂y .
(7.4)
Let us act first with the Txy,2 transformation. This produces a configuration in which the
spacetime metric is unchanged and there are no two-form or bivectors present. However, there
is a non-trivial matrix of scalars, giving
ds˜2 = dx2 + dy2 + dz2 ,
C0 = −Nz ,
Φ = 0 .
(7.5)
Here Φ is the string dilaton and C0 is the Ramond-Ramond zero form. We see that the latter
has a constant one-form flux, F1 = −N . This corresponds to a non-zero scalar flux Γ
z
1
2, as can
be seen by checking the explicit decomposition (6.30).
Now, act on (7.4) with Txz,2. This does not change the form of the solution, but changes
which coordinates we are viewing as physical:
ds2 = dx˜2 + dy2 + dz˜2 ,
β2 = Nz∂x˜ ∧ ∂y .
(7.6)
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We see that we are in the by now familiar situation of having an explicit dependence on what
is now a dual coordinate, z. This has a similar form to that of the usual R-flux background
in the NS-NS sector, (5.7), however the coordinates x˜, y˜ appearing here are not the usual dual
coordinates (but rather their S-duals). To avoid becoming confused about which coordinates are
which, rewrite the above as
ds2 = dx2 + dy2 + dz2 ,
β2 = −Nx˜x2∂x ∧ ∂y ,
(7.7)
where we have noted that the original coordinate z becomes after the Buscher transformation
the x˜2x coordinate from the point of view of this frame. This makes it easy to see that we have
∂˜x2βxy = −N . Referring to the definitions of the two types of R-flux tensors, (6.23) and (6.24),
we see that the former vanishes, and we have
Rzx12 = −N , (7.8)
as expected from the duality chain.
H1xyz Q
z
1xy
S
H2xyz
Txz,2
Txy,1 Txy,2
S S
Qz2xy
Txz,1
Rzx21
Rzx12
Figure 1: Duality relations involving 3-form, Q- and new R-flux in IIB.
It is clear that the duality chains can be made more intricate, and that there are multiple
paths between different backgrounds. For instance, we could also have obtained the R-form flux
starting from a Ramond-Ramond scalar flux via:
Γz1
2 S←−→ Γz2
1 Tyz,1←−−→ Rxy12 . (7.9)
Finally, let’s consider the other irreducible, Sab, given in terms of fluxes in (6.32). A config-
uration with non-zero geometric flux T yzx will have non-zero Sxx component. The Buscher
transformation Tyz,1 involving the non-isometry direction z will then lead to a non-zero S11
component, which means that we will have the usual non-geometric R-flux, R11, as defined in
(6.23) (from which it is immediately clear that this component is the usual R-flux). Acting with
the basic S-duality element then gives a non-zero R22, which is just the R-flux defined for the
Ramond-Ramond sector.
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7.2 The 522 solution and its S-dual
We can again illustrate a realistic example of how this works. This time we make use of the 522
brane, which may be obtained by T-duality from the NS5 brane. As such it exists in both IIA
and IIB supergravity: the IIA form of the solution can in fact be obtained by reduction of the 53
solution in M-theory. Hence the analysis of this brane is very similar to what we did before. Let
us compactify two transverse directions of the NS5. Carrying out a Buscher duality along one of
these directions gives the Kaluza-Klein monopole, and then carrying out an additional Buscher
duality along the other direction gives the 522. The solution has been comprehensively analysed
in [34, 35], and can be written as
ds2 = H
(
dr2 + r2dθ2
)
+HK−1
(
dx2 + dy2
)
+ d~x26 ,
B2 = −θσK
−1dx ∧ dy ,
eΦ = H1/2K−1/2 ,
(7.10)
where the function H results from taking the original harmonic function of the NS5 and smearing
on the compact directions, x˜ and y˜, which are T-dual to the compact directions x and y:
H = h0 + σ log
µ
r
, (7.11)
and µ is some cut-off and h0 a bare quantity [35]. The non-geometric properties of the background
are due to the function K, which depends explicitly on the circular coordinate θ,
K = H2 + σ2θ2 . (7.12)
For θ ∼ θ + 2π we have to act with a duality transformation that corresponds to a shift of a β
field. This cannot be realised on the above fields in terms of diffeomorphisms and B-field gauge
transformations. If we change frame, replacing the two-form with a bivector, then we obtain a
solution that looks geometric [44, 64],
ds2 = H
(
dr2 + r2dθ2
)
+H−1
(
dx2 + dy2
)
+ d~x26 ,
β2 = θσ∂x ∧ ∂y ,
eΦ = H−1/2 .
(7.13)
Due to the bivector with βxy = θσ this solution is thought of as carrying non-geometric Q-flux.
We will now see that, as expected, the same holds after an S-duality.
If we start from the IIB NS5 brane then the 522 brane will also exist in IIB, with no R-R fields
turned on. If we act with the simple S-duality
S =
(
0 −1
1 0
)
, (7.14)
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then the net effect will be to exchange the B2 field for a C2 field. The resulting solution is known
as the 523 [35], and can be written (in Einstein frame, note that (7.10) is given in string frame)
as
ds2E = H
3/4K1/4
(
dr2 + r2dθ2
)
+H3/4K−3/4
(
dx2 + dy2
)
+H−1/4K1/4d~x26 ,
Bi2 =
(
B2
C2
)
=
(
0
−θσK−1dx ∧ dy
)
,
eΦ = H−1/2K1/2 .
(7.15)
We can describe this in terms of the SL(5) exceptional field theory by supplementing the θ, x, y
directions with seven dual coordinates. We have a choice of two parametrisations of the gener-
alised vielbein (6.1), and hence the generalised metric, either using V iµ with W
µ
i = 0, or using
Wµi with V
i
µ = 0. By evaluating the generalised metric in the different parametrisations as in
(A.8), we can straightforwardly read off the definitions of the various fields in the dual frame.
The dual frame form of the solution is
ds˜2E = H
5/4
(
dr2 + r2dθ2
)
+H−3/4
(
dx2 + dy2
)
+H1/4d~x26 ,
β2i =
(
β2
γ2
)
=
(
0
−θσ∂x ∧ ∂y
)
,
eΦ = H1/2 .
(7.16)
It is clear this solution carries a non-geometric flux associated to the derivative ∂σγ
xy of the
dual field γ, which we use in place of the usual R-R 2-form. This is just the S-dual of the
usual non-geometric flux associated to the 522 solution. One can check that the solution (7.16) is
indeed related by S-duality to the 522 solution in non-geometric frame, (7.13). The duality chain
is summarised in figure 2.
NS5
Txy
522
S
523
B ↔ β C ↔ γ
522
non-geo frame
S
523
non-geo frame
Figure 2: Duality relations leading to a solution with non-geometric Q-flux in IIB.
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7.3 IIB solution with R-flux
It is possible to obtain solutions with R-fluxes by various duality chains, all of which will at some
point need to include a duality along a non-isometry direction. For instance, one could act with
T-duality along the non-isometry direction of the 522 solution to obtain the novel R-flux, R
µ
ν12,
similar to the toy example discussed above. Alternatively, one could start with the D7, which has
a particularly simple S-duality monodromy affecting only the Ramond-Ramond zero form and
thus has scalar flux. Applying first an S-duality one obtains an S-fold: further applications of
T-duality lead to a background carrying the new R-flux, Rµν12. Finally, a solution carrying the
usual R-flux, Rij , could be found starting from a configuration with geometric flux, for instance
the Kaluza-Klein monopole.
8 Conclusion
In this paper, we have studied a geometric formalism for exceptional field theory which naturally
contains information about all geometric and non-geometric fluxes. This geometric formalism
made use of the generalised torsion of the Weitzenbo¨ck connection: this generalised torsion can
be used to naturally construct the action (by requiring invariance under local generalised Lorentz
transformation), and unifies geometric and non-geometric fluxes into a single U-duality covariant
object. As exceptional field theory reduces to both M-theory and type IIB, we obtain a unifying
formalism for treating the fluxes of both these theories.
We focused for simplicity on the U-duality group SL(5) and found new locally non-geometric
fluxes which mix the R-R and NS-NS sector. We also showed how the new fluxes can be con-
structed by dualising geometric backgrounds. It would certainly be interesting to generalise the
analysis here to the higher U-duality groups, leading to more complicated duality chains with
more non-geometric fields.
It would be of interest to try and use the formalism developed here as a tool in generating
backgrounds which cannot be linked by duality to a known geometric solution. Such a back-
ground would be considered “truly non-geometric”. In order to do so, it will be necessary to
understand the consistency constraints, or equivalently, Bianchi identities, that the fluxes must
obey. We leave it to a future work to present a full analysis of these constraints in terms of the
spacetime fluxes we have identified.
Our formalism would also allow us to construct actions involving non-geometric fluxes. The
non-geometric branes considered here would then be solutions of these actions. The actions would
allow one to further study configurations involving dual fields, for instance, and would be useful
for determining the effective potentials resulting from a Scherk-Schwarz reduction. It would be
interesting to understand the phenomenological consequences of the new fluxes considered here.
Furthermore, the results presented here will help us understand how the non-commutativity /
non-associativity of strings and exotic branes [36–45] in non-geometric backgrounds generalise
to M-theory or are modified in the presence of Ramond-Ramond fields. In particular, it is
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interesting to note that the locally non-geometric flux in M-theory is not totally antisymmetric,
in contrast to the NS-NS case. This makes non-associative behaviour unlikely. However, it may
signal that a higher bracket structure, such as a Nambu bracket, is needed in the analysis.
We have seen in this paper that exceptional field theory provides a natural setting for studying
non-geometric backgrounds. It would be interesting to study the generalised coordinate patching
[86,87] of the extended space necessary to fully define such backgrounds, as has been studied in
the T-duality case [88–90].
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A Generalised metrics and non-geometric frames
A.1 M-theory changes of frame
The idea here is simple. The generalised metric itself is taken to be the fundamental field of the
theory. The choice of physical fields is viewed as a choice of how to parametrise the generalised
metric. This frees us from having to always use one particular set of fields, which in certain
circumstances may be in fact unsuitable.
The particular situation we are interested in will be changes of frame from a situation where,
by acting with duality transformations, we have a description of a background in terms of the
usual metric and the three-form, to a frame where we have an alternative metric and a dual
trivector in place of the three-form.12
The little metric that follows from the general form of the M-theory generalised vielbein,
(4.1), is
mab = e
−φ/2
(
g−1/2
(
gij +WiVj + ViWj +WiWj(1 + V
2)
)
Vi +Wi(1 + V
2)
Vj +Wj(1 + V
2) g1/2(1 + V 2)
)
. (A.1)
In the usual geometric description, we set Wi = 0. In a non-geometric situation, we may have
to take instead V i = 0. The generalised metric remains the same in both expressions. The
transformation from frame to frame can be realised as a generalised Lorentz transformation
12The idea of parameterising the generalised metric of string theory in terms of a dual field was used in [53]
and [26] to study non-geometric backgrounds.
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acting on the flat index of the generalised vielbein. There may be global issues in defining such
a transformation.
Using the expressions for the generalised metric in each frame, one can read off the definitions
of the dual metric g˜ij , trivector Ω
ijk and (via eφ ≡ |g7|
1/7) the metric in the seven transverse
directions, g˜IJ , in terms of the original variables:
g˜ij = (1 + V
2)−1/3
(
(1 + V 2)gij − ViVj
)
,
Ωijk = (1 + V 2)−1gilgjmgknCkmn ,
g˜IJ = (1 + V
2)−1/3gIJ .
(A.2)
A.2 IIB changes of frame
The standard parametrisation involves a three-dimensional metric, gµν , a pair of two-forms,
Biµν , two scalars packaged into a symmetric unit determinant two-by-two matrix,Mij , and the
transverse metric gIJ (denoted with upper indices for consistency). Let us suppose we change
frame to a parametrisation in which instead of two-forms we have a pair of bivectors βiµν . Again,
we denote the other quantities in the new frame with tildes. The general expression for the little
metric, from the parametrisation (6.1), is
mab = e
−φ/2
(
g1/2(gµν + V
k
µ Vνk) Vµj +Wµj + V
k
µ VρkW
ρ
j
Vνi +Wνi + V
k
ν VρkW
ρ
i mij
)
, (A.3)
where
mij = g
−1/2
(
Mij +W
ρ
i Wjρ + VρiW
ρ
j + VρjW
ρ
i +W
ρ
i W
σ
j V
k
ρ Vσk
)
. (A.4)
To write down the expressions for the change from geometric to non-geometric frame, we first
define the following determinants:
|g3| ≡ det(g
µν) , |g7| ≡ det(g
IJ) , |g + V 2| ≡ det
(
gµν + V
i
µMijV
j
ν
)
. (A.5)
Here,
V iµ ≡
1
2
ǫµνρB
iνρ , (A.6)
and we similarly would define
Wµi ≡
1
2
ǫ˜µνρβiνρ , (A.7)
for the dual field.
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We then have the following formulae for the quantities in the new frame:
g˜µν = |g3|
−3/4|g + V 2|−3/4
(
gµν + V
i
µMijV
j
ν
)
,
g˜IJ = |g3|
−1/4|g + V 2|−1/4gIJ ,
βjµν = |g3|
1/2|g + V 2|1/2g˜µρg˜νσMjkB
kρσ ,
M˜ij = |g3|
1/2|g + V 2|1/2Mij −W
µ
i W
ν
j g˜µν .
(A.8)
B Details of the torsion decompositions
B.1 M-theory
We first give the components of the flattened Weitzenbo¨ck connection, defined by
Ωαβγ
δ ≡ Eγ
aDαβE
δ
a , (B.1)
and evaluated using the parametrisation (4.1). These involve
DαβWµ = DαβWµ + Γαβµ
νWν − Γαβρ
ρWµ =
1
3!
eµ
iǫijklDαβΩ
jkl , (B.2)
DαβV
µ = DαβV
µ − Γαβν
µV ν + Γαβρ
ρV µ =
1
3!
eµiǫ
ijklDαβCjkl , (B.3)
using the flat partial derivatives (4.6) and the spacetime Weitzenbo¨cks with flat indices, Γαβµ
ν ≡
eµ
iDαβe
ν
i. The generalised Weitzenbo¨ck components are then
Ωαβµ
ν = Γαβµ
ν −
1
2
δνµΓαβλ
λ + V νDαβWµ −
1
4
δνµDαβφ , (B.4)
Ωαβµ
5 = DαβWµ , (B.5)
Ωαβ5
µ = DαβV
µ − V µV νDαβWν , (B.6)
Ωαβ5
5 = −V µDαβWµ +
1
2
Γαβλ
λ −
1
4
Dαβφ . (B.7)
We introduce the following notation to distinguish between the different types of derivatives.
Derivatives flattened with the spacetime vielbein will be denoted with a bar:
∂¯µ ≡ eµ
i∂i , ∂¯µν ≡ eµ
ieν
j∂ij , (B.8)
and objects (connections and torsions) built using these will also be barred. We have
Dµ − V
λDλµ = ∂¯µ . (B.9)
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Using this, we find for the 15,
Sµν = 4
(
Γλ(µν)
λ − D¯(µWν)
)
, (B.10)
Sµ5 = 2
(
Tλµ
λ +DλµV
λ + 2V λD¯(µWλ)
)
, (B.11)
S55 = 4 (DµV
µ − V µV νDµWν) , (B.12)
which leads to
Sµν = −4e
φ/2Q(µ,ν) ,
Sµ5 = 2e
φ/2
(
∂ˆλµV
λ + Tλµ
λ
)
− V νSµν ,
S55 = 4e
φ/2∂µV
µ − 2V µSµ5 − V
µV νSµν .
(B.13)
For the 10,
τµ5 =
1
2
Tλµ
λ −
1
2
DλµV
λ − V λD¯[µWλ] , (B.14)
τµν = −Ωλ[µν]
λ − Γµνλ
λ + D¯[µWν] , (B.15)
leading to
τµν = e
φ/2
(
ǫµνκλT
κ,λ +Q[µ,ν] −
3
2
∂ˆµνφ
)
,
τµ5 = e
φ/2
(
−
1
2
∂ˆλµV
λ −
1
2
Tµλ
λ −
3
2
∂µφ
)
− V ντµν .
(B.16)
For the 40,
T˜µνρ
5 = 3D[µνWρ] , (B.17)
T˜µν5
5 = −3V λD[µνWλ] + Γ[µνλ]
λ −
4
3
(
D¯[µWν] + Γλ[µν]
λ
)
, (B.18)
T˜µνρ
λ = 3V λD[µνWρ] + 3Γ[µνρ]
λ + 2D¯[µWνδ
λ
ρ] − 2Γκ[µν
κδλρ] − 2δ
λ
[µΓνρ]κ
κ , (B.19)
T˜νρ5
µ = DνρV
µ − Tνρ
µ − 3V µV κD[νρWκ] − 2V
µD¯[νWρ]
+
2
3
δµ[νDρ]κV
κ −
2
3
δµ[νTρ]κ
κ −
2
3
δµ[νV
κD¯ρ]Wκ +
2
3
δµ[νV
κD¯κ]Wρ ,
(B.20)
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leading to
T˜µνρ
5 = −eφ/2ǫµνρκL
κ , (B.21)
T˜µν5
5 = eφ/2
(
−
4
3
Q[µ,ν] −
1
3
ǫµνκλT
κ,λ
)
− V λT˜µνλ
5 , (B.22)
T˜µνρ
λ = eφ/2
(
2Q[µ,νδ
λ
ρ] + ǫµνρκT
κ,λ + 2δλ[µǫνρ]σκT
σ,κ
)
+ V λT˜µνρ
5 , (B.23)
T˜νρ5
µ = eφ/2
(
∂ˆνρV
µ +
2
3
δµ[ν ∂ˆρ]λV
λ − Tνρ
µ −
2
3
δµ[νTρ]λ
λ
)
+ V µT˜νρ5
5 − V λT˜νρλ
µ + V µV λT˜νρλ
5 .
(B.24)
B.2 IIB
First, let us give the components of the flat Weitzenbo¨ck. We have spacetime connections
Γαβ
µ¯
ν¯ ≡ e
µ¯
µDαβeν¯
µ , (B.25)
and similarly for the scalar coset vielbein hi¯
i
Γαβj¯
i¯ ≡ hi¯iDαβhj¯
i . (B.26)
The components involve the following combinations
DαβW
µ¯
k¯
≡ DαβW
µ¯
k¯
− Γαβk¯
j¯W µ¯j¯ + Γαβ
µ¯
ν¯W
ν¯
k¯ − Γαβ
ρ¯
ρ¯W
µ¯
k¯
=
1
2
hk¯
keµ¯µǫ
µνρDαββkνρ , (B.27)
DαβV
k¯
µ¯ ≡ DαβV
k¯
µ¯ + Γαβj¯
k¯V j¯µ¯ − Γαβ
ν¯
µ¯V
k¯
ν¯ + Γαβ
ρ¯
ρ¯V
k¯
µ¯ =
1
2
hk¯keµ¯
µǫµνρDαβB
kνρ . (B.28)
Then we have
Ωαβν¯
µ¯ = −Γαβ
µ¯
ν¯ +
1
2
Γαβ
ρ¯
ρ¯δ
µ¯
ν¯ − V
k¯
ν¯ DαβW
µ¯
k¯
−
1
4
δµ¯ν¯Dαβφ , (B.29)
Ωαβi¯
µ¯ = DαβW
µ¯
i¯
, (B.30)
Ωαβµ¯
i¯ = DαβV
i¯
µ¯ − V
k¯
µ¯ V
i¯
ρ¯DαβW
ρ¯
k¯
, (B.31)
Ωαβj¯
i¯ = −Γαβj¯
i¯ −
1
2
Γαβ
ρ¯
ρ¯δ
i¯
j¯ + V
i¯
ρ¯DαβW
ρ¯
i¯
−
1
4
δi¯j¯Dαβφ . (B.32)
Then for the 15,
Sµ¯ν¯ = −4Γρ¯(µ¯
ρ¯
ν¯) + 4V
k¯
(µ¯Dν¯)ρ¯W
ρ¯
k¯
+ 4Dk¯(µ¯V
k¯
ν¯) + 4V
j¯
ρ¯ V
k¯
(µ¯Dν¯)j¯W
ρ¯
k¯
, (B.33)
1
2
Sµ¯i¯ = −Γk¯µ¯i¯
k¯ − Γρ¯¯i
ρ¯
µ¯ + Γµ¯i¯
ρ¯
ρ¯ +Dρ¯µ¯W
ρ¯
i¯
+Dk¯i¯V
k¯
µ¯
+ V k¯ρ¯ Dk¯µ¯W
ρ¯
i¯
− V k¯µ¯Dρ¯i¯W
ρ¯
k¯
− V j¯µ¯V
k¯
ρ¯ Dk¯i¯W
ρ¯
j¯
,
(B.34)
44
Si¯j¯ = 4Dρ¯(¯iW
ρ¯
j¯)
− 4Γk¯(¯ij¯)
k¯ + 4V k¯ρ¯ Dk¯(¯iW
ρ¯
j¯)
. (B.35)
These lead to
Si¯j¯ = −4e
φ/2
(
Ri¯j¯ + Γ˜k¯(¯ij¯)
k¯
)
,
Si¯µ¯ = 2e
φ/2
(
−Γ˜k¯µ¯i¯
k¯ +Qρ¯ i¯µ¯ρ¯ + ∂ˆk¯i¯Vµ¯
k¯
)
− Vµ¯
j¯Si¯j¯ ,
Sµ¯ν¯ = 4e
φ/2
(
∂˜k¯(µ¯Vν¯)
k¯ −
1
2
ǫλ¯ρ¯(µ¯T
λ¯ρ¯
ν¯)
)
− 2V(µ¯
i¯Sν¯)¯i − Vµ¯
i¯Vν¯
j¯Si¯j¯ .
(B.36)
Next, for the 10,
τµ¯ν¯ = Γρ¯[µ¯
ρ¯
ν¯] + V
k¯
[µ¯Dν¯]ρ¯W
ρ¯
k¯
−Dk¯[µ¯V
k¯
ν¯] + V
k¯
ρ¯ V
j¯
[µ¯Dν¯]k¯W
ρ¯
j¯
−
3
2
Dµ¯ν¯φ , (B.37)
τµ¯i¯ = −
1
2
Γµ¯i¯
ρ¯
ρ¯ −
1
2
Γρ¯i¯
ρ¯
µ¯ −
1
2
Γµ¯k¯i¯
k¯
−
1
2
Dρ¯µ¯W
ρ¯
i¯
−
1
2
V k¯ρ¯ Dk¯µ¯W
ρ¯
i¯
−
1
2
V k¯µ¯Dρ¯i¯W
ρ¯
k¯
+
1
2
Dk¯i¯V
k¯
µ¯ −
1
2
V j¯µ¯V
k¯
ρ¯ Dk¯i¯W
ρ¯
j¯
−
3
2
Dµ¯i¯φ ,
(B.38)
τi¯j¯ = −Γi¯j¯
ρ¯
ρ¯ −Dρ¯[¯iW
ρ¯
j¯]
− V k¯ρ¯ Dk¯[¯iW
ρ¯
j¯]
−
3
2
Di¯j¯φ , (B.39)
which lead to
τi¯j¯ = −
1
2
eφ/2
(
Rρ¯ ρ¯¯ij¯ + 3∂ˆi¯j¯φ
)
,
τµ¯i¯ = −
1
2
eφ/2
(
∂ˆi¯j¯Vµ¯
j¯ +Qρ¯ i¯µ¯ρ¯ + Γ˜µ¯j¯i¯
j¯ − 2Ti¯µ¯ + 3∂˜µ¯i¯φ
)
+ Vµ¯
j¯τi¯j¯ ,
τµ¯ν¯ = −
1
2
eφ/2
(
−ǫκ¯λ¯[µ¯T
κ¯λ¯
ν¯] + 2∂˜i¯[µ¯Vν¯]
i¯ + 3ǫµ¯ν¯ρ¯∂
ρ¯φ
)
+ 2V i¯[µ¯τν¯ ]¯i − V[µ¯
i¯Vν¯]
j¯τi¯j¯ .
(B.40)
Finally, for the 40, let us first simplify the calculation by noting that
T˜bcd
a = 3Ω[bcd]
a − δa[bΩcd]e
e − 2δa[b|Ωe|cd]
e
= 3Ω[bcd]
a − 3δa[bΩcd]e
e + 2δa[bτcd] .
(B.41)
Thus the novel terms will be the first two. One obtains the expressions
T˜µ¯ν¯ρ¯
i¯ = 3D[µ¯ν¯V
i¯
ρ¯] − 3V
i¯
λ¯V
k¯
[ρ¯Dµ¯ν¯]W
λ¯
k¯ , (B.42)
T˜µ¯ν¯ρ¯
λ¯ = −3Γ[µ¯ν¯
λ¯
ρ¯] + 3δ
λ¯
[µ¯Γν¯ρ¯]
κ¯
κ¯ − 3V
k¯
[ρ¯Dµ¯ν¯]W
λ¯
k¯ + 2δ
λ¯
[µ¯
(
τν¯ρ¯] +
3
2
Dν¯ρ]φ
)
, (B.43)
T˜µ¯i¯j¯
k¯ = −2Γµ¯[¯ij¯]
k¯ + 2V k¯ρ¯ Dµ¯[¯iW
ρ¯
j¯]
+Di¯j¯V
k¯
µ¯ − V
k¯
ρ¯ V
l¯
µ¯Di¯j¯W
ρ¯
l¯
+
4
3
δk¯[¯i
(
τj¯]µ¯ +
3
2
Dj¯]µ¯φ
)
, (B.44)
45
T˜µ¯ν¯i¯
j¯ = −Γµ¯ν¯i¯
j¯ + V j¯ρ¯Dµ¯ν¯W
ρ¯
i¯
+ 2Di¯[µ¯V
j¯
ν¯] − 2V
j¯
ρ¯ V
k¯
[µ¯Dν¯ ]¯iW
ρ¯
k¯
+
2
3
δj¯
i¯
(
τµ¯ν¯ +
3
2
Dµ¯ν¯φ
)
, (B.45)
T˜µ¯ν¯ i¯
ρ¯ = −2Γi¯[µ¯
ρ¯
ν¯] + 2δ
ρ¯
[µ¯Γν¯ ]¯i
λ¯
λ¯ +Dµ¯ν¯W
ρ¯
i¯
− 2V k¯[µ¯Dν¯ ]¯iW
ρ¯
k¯
+
4
3
δρ¯[µ¯
(
τν¯ ]¯i +
3
2
Dν¯ ]¯iφ
)
, (B.46)
T˜µ¯i¯j¯
ν¯ = −Γi¯j¯
ν¯
µ¯ + δ
ν¯
µ¯Γi¯j¯
ρ¯
ρ¯ + 2Dµ¯[¯iW
ν¯
j¯] − V
k¯
µ¯Di¯j¯W
ν¯
k¯ +
2
3
δν¯µ¯
(
τi¯j¯ +
3
2
Di¯j¯φ
)
. (B.47)
These lead to the following expressions:
T˜µ¯i¯j¯
ν¯ = eφ/2
(
Rν¯ µ¯i¯j¯ −
1
3
δν¯µ¯R
λ¯
λ¯i¯j¯
)
, (B.48)
T˜µ¯i¯j¯
k¯ = eφ/2
(
∂ˆi¯j¯V
k¯
µ¯ − 2Γ˜µ¯[¯ij¯]
k¯ +
2
3
δk¯[¯i
(
∂ˆj¯]l¯V
l¯
µ¯ +Q
ρ¯
j¯]µ¯ρ¯ + Γ˜|µ¯l¯|j¯]
l¯ − 2Tj¯]µ¯
))
+ V k¯ν¯ T˜µ¯i¯j¯
ν¯ , (B.49)
T˜µ¯ν¯i¯
ρ¯ = eφ/2
(
Qρ¯i¯µ¯ν¯ −
2
3
δρ¯[µ¯
(
T|¯i|ν¯] + ∂ˆ|¯ij¯|V
j¯
ν¯] − 2Q
λ¯
|¯i|ν¯]λ¯ + Γ˜ν¯]j¯i¯
j¯
))
+ 2V k¯[µ¯T˜ν¯]k¯i¯
ρ¯ , (B.50)
T˜µ¯ν¯i¯
j¯ = eφ/2
(
2∂˜i¯[µ¯V
j¯
ν¯] − ǫµ¯ν¯λ¯Γ
λ¯
i¯
j¯ +
2
3
δj¯
i¯
(
1
2
ǫκ¯λ¯[µ¯T
κ¯λ¯
ν¯] − ∂˜k¯[µ¯V
k¯
ν¯]
))
+ 2V k¯[µ¯T˜ν¯]k¯i¯
j¯ + V j¯ρ¯ T˜µ¯ν¯i¯
ρ¯ − 2V j¯ρ¯ V
k¯
[µ¯T˜ν¯]k¯i¯
ρ¯ ,
(B.51)
T˜µ¯ν¯ρ¯
λ¯ = eφ/2ǫµ¯ν¯ρ¯
(
2
3
T λ¯κ¯κ¯ −
1
3
ǫλ¯κ¯σ¯∂˜|¯i|κ¯V
i¯
σ¯]
)
− 3V i¯[µ¯T˜ν¯ρ¯]¯i
λ¯ − 3V i¯[µ¯V
j¯
ν¯ T˜ρ¯]¯ij¯
λ¯ ,
(B.52)
T˜µ¯ν¯ρ¯
i¯ = eφ/2ǫµ¯ν¯ρ¯∂
λ¯V i¯λ¯ + V
i¯
λ¯ T˜µ¯ν¯ρ¯
λ¯ − 3V j¯[µ¯T˜ν¯ρ¯]j¯
i¯
+ 3V i¯λ¯V
j¯
[µ¯T˜ν¯ρ¯]j¯
λ¯ − 3V j¯[µ¯V
k¯
ν¯ T˜ρ¯]j¯k¯
i¯ + 3V i¯λ¯V
j¯
[µ¯V
k¯
ν¯ T˜ρ¯]j¯k¯
λ¯ .
(B.53)
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